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Abstract 

This is the first of two papers on the critical behaviour of bond percolation models in high 
dimensions. In this paper, we obtain strong joint control of the critical exponents r/ and 6, 
for the nearest-neighbour model in very high dimensions (i S> 6 and for sufficiently spread- 
out models in all dimensions d > 6. The exponent r] describes the low frequency behaviour 
of the Fourier transform of the critical two-point connectivity function, while S describes the 
behaviour of the magnetization at the critical point. Our main result is an asymptotic relation 
showing that, in a joint sense, rj = and 5 = 2. The proof uses a major extension of our 
earlier expansion method for percolation. This result provides evidence that the scaling limit 
of the incipient infinite cluster is the random probability measure on R'^ known as integrated 
super-Brownian excursion (ISE), in dimensions above 6. In the sequel to this paper, we extend 
our methods to prove that the scaling limits of the incipient infinite cluster's two-point and 
three-point functions are those of ISE for the nearest-neighbour model in dimensions 6. 
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1 Introduction 
1.1 Critical exponents 

We consider two models of independent bond percolation on Z'^. For the nearest-neighbour model, a 
bond is a pair {x, y} of distinct sites in Z'^, separated by unit Euclidean distance. For the spread-out 
model, a bond is a pair {x,y} of distinct sites in Z"^, with < ||x — y\\oo < L. We will consider the 
case of large, but finite, L. In either model, we associate to each bond an independent Bernoulli 
random variable n{sc,y} taking the value 1 with probability p, and the value with probability 1 — p. 
A bond {x, y} is said to be occupied if n^^^y^ = 1, and vacant if n{x,y} = 0. We say that sites u,v E Z'^ 
are connected, denoted x < — > y, if there is a lattice path from m to f consisting of occupied bonds. 
If X and y are not connected, we write x ^-/-^ y. 

For both the nearest-neighbour and spread-out models, a phase transition occurs for d > 2, in 
the sense that there is a critical value Pc € (0, 1), such that for p < p^ there is with probability 1 no 
infinite connected cluster of occupied bonds, whereas for p > Pc there is with probability 1 a unique 
infinite connected cluster of occupied bonds (percolation occurs). It is an unproven prediction of 
the hypothesis of universality that, in any dimension d, the behaviours of the nearest-neighbour 
and spread-out models (for any L) in the vicinity of the critical point are identical in all important 
aspects. 
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Much of this important behaviour can be described in terms of critical exponents. At present, the 
existence of critical exponents has been proved only in high dimensions, where the critical behaviour 
is the same as that on a tree, using the triangle condition. Aizenman and Newman ^ introduced 
the triangle condition as a sufficient condition for the existence of the critical exponent 7 for the 
susceptibility (expected cluster size of the origin), with the value 7 = 1. Subsequently Barsky 
and Aizenman showed that the triangle condition implied existence of the exponents 6 for the 
magnetization and f5 for the percolation probability, with 6 = 2 and /3 = 1. Nguyen showed that 



the triangle condition implied existence of the gap exponent A, with A = 2. Implications of the 
triangle condition for differentiability of the number of clusters per site were explored in In the 
above results, existence of critical exponents is in the form of upper and lower bounds with different 
constants. For example, for the susceptibility x{p)y the consequence of the triangle condition is that 
Ci{Pc — p)~^ < x{p) ^ C2{Pc — p)^^ for p G [0,Pc)- In [0, an infra-red bound was proved and 
used to show that the triangle condition holds for the nearest-neighbour model in sufficiently high 
dimensions and for the spread-out model for d > Q and L sufficiently large. We subsequently showed 
that (i > 19 is large enough for the nearest-neighbour model |]18[. Thus the above critical exponents 
are known to exist, and to take on the corresponding values for a tree, in these contexts. In addition, 
it was shown in |^ that the critical exponent v for the correlation length is equal to |, in the sense 
of upper and lower bounds with different constants, for the nearest-neighbour model in sufficiently 
high dimensions and for sufficiently spread-out models for c? > 6. 

In this paper, we extend some of the above results in two ways. Firstly, we obtain power law 
asymptotic behaviour of the Fourier transform of the two-point function in the presence of a magnetic 
field, for small values of the magnetic field and the frequency variable. Secondly, this asymptotic 
behaviour is joint, as a function of two variables. In addition to any intrinsic interest, this joint 
behaviour turns out to be relevant for the identification of the scaling limit of the incipient infinite 
cluster as integrated super-Brownian excursion, or ISE (see ^ for discussions of ISE). We will 
return to this point below, and it will be the main topic of the sequel |jl5| to this paper, hereafter 
referred to as II. 

Our method of proof involves a major extension of the expansion for percolation introduced 
in [|l6l. Moreover, a double expansion will be used here. Our analysis is based in part on the 



corresponding analysis for lattice trees, for which a double lace expansion was performed in |T7 



and for which a proof that the scaling limit is ISE in high dimensions was given in |0, 12 1. We will 



also make use of the infra-red bound proved in |TH], and of its consequence that, for example, the 
triangle condition of H] holds in high dimensions. 



The results obtained in this paper were announced in pO|- ^ survey of the occurrence of ISE as 



a scaling limit for lattice trees and percolation is given in |^ 
1.2 The main result 

Consider nearest-neighbour or spread-out independent bond percolation on Z'^, with bond density 
p G [0, 1]. Let C(0) denote the random set of sites connected to 0, and let |C(0)| denote its cardinality. 
Let 

rp(0,x;n) =Pp(C(0) 9x,|C(0)| =n) (1.1) 
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denote the probability that the origin is connected to a; by a cluster containing n sites. For h > 0, 
we define the generating function 

oo 

Th,p{0, x) = J2 ^p(0, ^)e-''"- (1-2) 

n=l 

The generating function (|1.2|) converges for h > 0. 

We will work with Fourier transforms, and for an absolutely summable function / on Z*^ define 

fik) = Y,fi^y'''^ A; = (A;i,...,fc,)G[-7r,7r]^ (1.3) 
with k ■ X = X]j=i For /i > and any p G [0, 1], the Fourier transform Th,p{k) exists since 

oo oo oo 

^^Tp{Q,x-n)e-^'^ = ^nPp{\C{Q)\ = n)e-'^" < ^ne"'^" < oo. (1.4) 

X n=l n=l n=l 

A similar estimate shows that the Fourier transform fh^p{k) exists also for h = when p < Pc, using 
the fact that Pp( |C(0)| = n) decays exponentially in the subcritical regime. Our main object of 
study will be f^^p^k)- 

There is a convenient and well-known probabilistic interpretation for the generating function 
( |1.2|) , upon which we will rely heavily. For this, we introduce a probability distribution on the 
lattice sites by declaring a site to be "green" with probability 1 — z and "not green" with probability 
z. These site variables are independent, and are independent of the bond occupation variables. We 
use G to denote the random set of green sites. In this framework, r/j^p(0,x) is the probability that 
the origin is connected to x by a cluster of any finite size, but containing no green sites, i.e., 

oo 

r^,p(0,x) = 5^Pp(0 ^ X, |C(0)| = n)e-'^" = Pp(0 ^ x, C(0) n G = 0, |C(0)| < oo). (1.5) 

n=l 

Assuming there is no infinite cluster at p^, ro.p(0,x) is the probability that is connected to x, for 
any p < pc- It is a consequence of the results of 0, that there is no infinite cluster at pc for the 
high- dimensional systems relevant in this paper. 
For h > 0, p E [0, 1], we define the magnetization 

oo 

M,,p = Pp{C{0) n G 7^ 0) = 1 - ^Pp(|G(0)| = n)e'^^ (1.6) 

n=l 

and the susceptibility 

Xh,p = ^Mn^p = J2^Ppi\CiO)\ = n)e-^" = E [|G(0)|/[G(0) n G = 0]] = f,,p(0). (1.7) 

n=l 

Here E denotes expectation and / denotes an indicator function. 
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For k G W^, we write k'^ = k ■ k and \k\ = {k ■ kY^^. The conventional definitions of tlie critical 



exponents rj and 6 (see [|^, Section 7.1]) suggest that 



T'o,Pc{k) ^ const. |^|2-^ ; asfc^O; 'r/i,p^(0) = x/i ~ const. ^-j^jy^, as i 0. (1.8) 

We use to denote an asymptotic formula, in which the ratio of left and right sides tends to 1 in 
the limit. The above asymptotic relations go beyond what has been proved previously, even in high 
dimensions. 

The closest proven analogue of the first relation of (|1.8|) is the infrared bound 



< <^ (P e [0,pc), k e (1.9) 

valid for sufficiently spread-out models for d > 6 and for the nearest-neighbour model for d > 19 
1^, |18|. The constant c in ( |1.9| ) is uniform in p < pc and k G [— vr, tt]'^. The triangle condition, which 



states that the triangle diagram defined by 



EC d k 

ro,p(0,x)ro,p(x,?/)ro,p(i/,0) = / \p{kf77r^ (1-10) 



is finite for p = pc, is implied by (|1.9|), ii d > 6. 

For the second relation of (|1.8|) , Barsky and Aizenman (1991) proved that, under the triangle 
condition, is bounded above and below by constant multiples of /i^/^. This is weaker than the 
second relation in two senses: no asymptotic bound was obtained, and a relation for Xh is a stronger 
statement about the derivative of Mh- 

Using the mean-field values rj = and 5 = 2 above six dimensions, the simplest possible combi- 
nation of the relations ( |l.(j| ) for d > Q would be 

\p.(fc) = ^.^p^^ + error, (1.11) 

where Ci and C2 are constants and the error term is lower order in some suitable sense in the limit 
{k,h) — > (0,0). A priori, we cannot rule out the possibility of cross terms such as \k\h^^^, and 
some such cross terms could possibly occur for < 6. The following theorem shows that the simple 
combination ( |1.11|) is what actually occurs in high dimensions, and provides joint control of the 



asymptotic behaviour in the limits /i — >■ 0, A; — >■ 0. In its statement, we denote by Ok{l) a function 
of k that goes to zero as k approaches 0. Similarly, o/i(l) denotes a function of h that goes to zero 
as h approaches 0. The factor 2^/^ in the statement of the theorem is introduced to agree with our 
convention in II. 

Theorem 1.1. For nearest-neighbour bond percolation with d sufficiently large, and for spread-out 
bond percolation with d > 6 and L sufficiently large (depending on d), there are positive constants 
C, , depending on d, L, and a bounded function e{h, k), such that for all k G [— vr, t^Y and h > 0, 

^'^^P^(k) = ^^^3/2;,i/2 [1 + k)] , (1.12) 
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with 



\eih,k)\<Okil)+Ohil] 



:i.l3) 



as h ^ and/or k ^ 0. In addition, the limit fQ^p^{k) = lini/i^o ^h,pX^) ^^ists and is finite for k ^ 0, 
and obeys 



C 



D^k^ 



Ofe(l)]. 



:i.i4) 



Assuming that universality holds, Theorem |l.lj would indicate that ( |1.12|) and (|1.14| ) should 
actually be valid for the nearest-neighbour model for all d > 6. Setting /c = in ( |1.12| ) gives 



which gives the second statement of ( [1.8|) . Consequently, since M^^p^ = 0, 



Xt,pdt = h''^ [2-V2c + o,(l)] 



(1.15) 



(1.16) 



which is a statement that 5 = 2, where in general it is expected that M/jp^ ~ const. /i^/^. 

Note that ro,p^(0,x) is not summable if it decays like | X I , clS expected for ci > 6. Therefore 
its Fourier transform is not well-defined without some interpretation. We use the interpretation 
'To,pXk) = liKi/iio T'h,pc(^) because ro,p^(0,a;) is then the inverse Fourier transform of fQ^p^{k). In fact, 
using ( |1.12|) and the dominated convergence theorem in the last step, we have 



^o,p.(0,x) 



h[0 '^"^ 



lim 

hlO 



^h,p,ik)e 



-ik-x 



d'^k 



-ik-x 



d'^k 



;i.i7) 



Equation ([Til ) is a statement that f] = 0. It does not immediately imply that ro,p^(0,x) behaves 
like Ixp"*^ as X — 5> oo, but we intend to return to this matter in a future publication. 

If we write z = e~^, then the leading behaviour on the right side of ( |1.12|) can be rewritten as 
C{D'^k^ + 2'^/^a/I — z)~^. This generating function has been identified as a signal for the occurrence 

and this led us to conjecture in 



of ISE as a scaling limit |11, 29 



n], H) that above 



^ (see also 

the upper critical dimension the scaling limit of the incipient infinite cluster is ISE. 

The incipient infinite cluster is a concept admitting various interpretations. In |p, ^ , an incipient 
infinite cluster is constructed in 2-dimensional percolation models as an infinite cluster at the critical 
point. Such constructions are necessarily singular with respect to the original percolation model, 
which has no infinite cluster at Pc- Our point of view is to regard the incipient infinite cluster as a 
cluster in M'^ arising in the scaling limit. More precisely, we condition the size of the cluster of the 
origin to be n, scale space by a multiple of n~^^^, and examine the cluster in the limit n oo. In 
II, we obtain strong evidence that this scaling limit is ISE for d > 6. ISE can be regarded as the 
law of a random probability measure on M'', but in addition it contains more detailed information 
including the structure of all paths joining pairs of points in the cluster. This is consistent with the 
recent approach of [|l], ^ 0, ^ to the scaling limit, although here our focus is on a single percolation 
cluster, rather than on many clusters. ISE is almost surely supported on a compact subset of M'^, 
but on the scale of the lattice, this corresponds to an infinite cluster. Thus we regard the limiting 
object as the scaling limit of the incipient infinite cluster. 
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To relate the scaling limit of the incipient infinite cluster to ISE, we will prove in II that for the 
nearest-neighbour model in sufficiently high dimensions, (|1.12| ) can be promoted to a statement for 



complex z = e ^ in the unit disk \z\ < 1, with uniform error estimates. Let 

POO 

Aik) = / te-'"/'e-'"'/^dt (1.18) 



denote the Fourier transform of the ISE two-point function (see [y, §, |Tl|, 1^1 )• ^'^^ nearest 



neighbour model in high dimensions, contour integration can then be used to show that, as — cxd, 
for any e G (0, In particular 



fpXkD-^n-^/^-n) = C{ST^n)-^/^ A{k)\l + 0{n~')], (1.19) 



PpX\Cm = n) = U,X^-n) = C(87r)-i/2n-3/2[l + 0(n-)], (1.20) 

which is stronger than (|1.16| ). Analogous results will be obtained for the three-point function. 
However, as we will explain in II, for technical reasons we are unable to obtain these results for 
sufficiently spread-out models in all dimensions d > Q. 

It has been argued since that the upper critical dimension of percolation is equal to 6, i.e., 
that critical exponents depend on the dimension for < 6 but not for > 6. Our proof provides an 
understanding of the critical dimension as arising as 6 = 4 + 2. To explain this, we first introduce 
the notion of backbone. Given a cluster containing x and y, the backbone joining a; to j/ is defined to 
consist of those sites u & C{x) for which there are edge-disjoint paths consisting of occupied bonds 
from X to u and from u to y. The backbone can be depicted as consisting of all connections between 



X and ?/, with all "dangling ends" removed. An ISE cluster is 4-dimensional for d > A ||10| , ^4 
and distinct points in the cluster are joined by a 2-dimensional Brownian path. In our expansion, 
the leading behaviour corresponds to neglecting intersections between a backbone and a percolation 
cluster. Considering the percolation cluster to scale like an ISE cluster, intersections will generically 
not occur above 4 + 2 = 6 dimensions. This points to d = 6 as the upper critical dimension. 

1.3 Organization 



This paper is organized as follows. The proof of Theorem |1.1| makes use of a double expansion. The 
first expansion is described in Section ^ It is based on the expansion of |TB[, but requires major 
adaptation to deal with the presence of the magnetic field h. Two versions of this expansion will be 
presented in Section ^: a simpler version which we call the "one-M scheme," and a more extensive 
expansion which we call the "two-M scheme." The one-M scheme is used in Section to prove a 



weaker version of Theorem |1.1| that involves only upper and lower bounds. The two-M scheme is 
used to refine these bounds to an asymptotic relation. The k"^ term in ( |1.12| ) is extracted in Section ^, 
where existence of the limit limhj^QTh^pXk) is established and ( |1.14|) is proved. The more difficult 



/i^/^ term involves a second expansion, derived in Section |^, which is used to complete the proof of 



Theorem 1.1 



Our method involves bounding terms in an expansion by Feynman diagrams. To estimate these 
Feynman diagrams, we will at times employ the method of power counting. In Appendix ^ we 
recall some power counting results of Reisz that we will use. 

This paper can be read independently of [0, apart from the fact that we will make use of the 



infrared bound and techniques of diagrammatic estimation from |]T6|. 
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2 The first expansion 



Our method makes use of a double expansion. In this section, we derive the first of the two expan- 
sions, to finite order. We will derive two versions of the expansion in this section, a "one-M" scheme 
and "two-M" scheme. For p < pc and h = 0, these two expansions are the same, and are essentially 



the expansion of [|16|. Additional terms arise, however, for h > 0. Dealing with these new terms 
poses new difficulties that must be overcome. The derivation of the expansion applies equally well 
to the nearest-neighbour and spread-out models, and we treat the two cases simultaneously. 

The derivation is based on probabilistic arguments requiring p < Pc and h > 0, which we 
henceforth assume. We also assume henceforth that there is almost surely no infinite cluster at the 
critical point, which is known to be the case under the assumptions of Theorem [TT] ^ |T^. We will 
first derive the expansions to finite order, and then prove that they can be extended to infinite order, 
for h > when p < Pc, and for /i > when p = p^. 

Our starting point is (|1.5|). For p < Pc and h > 0, (|L^) reduces under the above assumptions to 



Th,p{0,x) = X^Pp(0 ^ X, |C(0)| = n)e-"" = Pp(0 ^ x,C(0) n G = 0). (2.1) 



n=l 



This is the quantity for which we want an expansion. Before beginning the derivation of the ex- 
pansion, we first introduce some definitions and prove a basic lemma that is at the heart of the 
expansion method. 



2.1 Definitions and basic lemmas 

The following definitions will be used repeatedly throughout the paper. 

Definition 2.1. (a) Define = {x G Z'^ : ||x||i = 1} for the nearest-neighbour model and = {x G 
Z'' : < ||a;||oo < L} for the spread-out model. A bond is an unordered pair of distinct sites {x,y} 
with y — x^fl. A directed bond is an ordered pair {x, y) of distinct sites with y — x&Q. A path from 
X to ?/ is a self-avoiding walk from x to y, considered to be a set of bonds. Two paths are disjoint 
if they have no bonds in common (they may have common sites). Given a bond configuration, an 
occupied path is a path consisting of occupied bonds. 

(b) Given a bond configuration, two sites x and y are connected, denoted x < — >■ y, if there is an 
occupied path from a; to y or if x = y. We write x ^-/^ y when it is not the case that x < — > y. We 
denote by C{x) the random set of sites which are connected to x. Two sites x and y are doubly- 
connected, denoted x <^=^ y, if there are at least two disjoint occupied paths from x to y or if x = y. 
Given a bond b = {u, v} and a bond configuration, we define C^{x) to be the set of sites which remain 
connected to x in the new configuration obtained by setting rih = 0. Given a set of sites A, we say 
X < — > A a X < — > y for some y E A, and we define C{A) = UxeAC{x) and C^{A) = Ux£aC^{x). 

(c) Given a set of sites A G Tj"^ and a bond configuration, we say x < — > y in A if there is an occupied 
path from x to y having all of its sites in A (so in particular x,y G A), or ii x = y G A. Two sites 

X and y are connected through A, denoted x < — > y, if they are connected in such a way that every 
occupied path from x to y has at least one bond with an endpoint in A, or if x = y G A. 

(d) Recall that site variables were introduced above (pT5|) . Given a bond/site configuration u and a 
bond b, let co'^ be the configuration that agrees with uj everywhere except possibly in the occupation 
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status of b, which is occupied in u''. Similarly, Ub is defined to be the configuration that agrees with 
u everywhere except possibly in the occupation status of b, which is vacant in ut- Given an event 
E and a bond/site configuration uj, a bond b (occupied or not) is called pivotal for E if uj'^ E E and 
tOb^E. We say that a directed bond {u, v) is pivotal for the connection from x to y if x G C^'^''"^{u), 
y G C^'^''"^{v) and y ^C^^'^^{x). If x < — ^ A then there is a natural order to the set of occupied 
pivotal bonds for the connection from x to A (assuming there is at least one occupied pivotal bond), 
and each of these pivotal bonds is directed in a natural way, as follows. The first pivotal bond from 
X to A is the directed occupied pivotal bond {u, v) such that u is doubly-connected to x. If (m, v) 
is the first pivotal bond for the connection from x to A, then the second pivotal bond is the first 
pivotal bond for the connection from v to A, and so on. 

(e) We say that an event E is increasing if, given a bond/site configuration u & E, and a configuration 
u' having the same site configuration as u and for which each occupied bond in u is also occupied 
in uj', then u' G E. 

Definition 2.2. (a) Given a set of sites S, we refer to bonds with both endpoints in S as bonds in 
S. A bond having at least one endpoint in S is referred to as a bond touching S. We say that a site 
X & S is in S or touching S. We denote by Sj the set of bonds and sites in S. We denote by St the 
set of bonds and sites touching S. 

(b) Given a bond/site configuration u and a set of sites S, we denote by u!\sj the bond/site con- 
figuration which agrees with uj for all bonds and sites in S, and which has all other bonds vacant 
and all other sites non-green. Similarly, we denote hj uj\sj, the bond/site configuration which agrees 
with UJ for all bonds and sites touching S, and which has all other bonds vacant and all other sites 
non-green. Given an event E and a deterministic set of sites S, the event {E occurs in S} is defined 
to consist of those configurations uj for which u\sj- G E. Similarly, we define the event {E occurs on 
S} to consist of those configurations u for which u\sj, G E. Thus we distinguish between "occurs 
on" and "occurs in." 

(c) The above definitions will now be extended to certain random sets of sites. Suppose A G Z'^. 
For S = C{A) or S = Z'^\C{A), we have u\sj. = uj\sj, since bonds touching but not in C{A) 
are automatically vacant. For such an S, we therefore define {E occurs on S} = {E occurs in 
S} = {u : u\st e E}. For S = C^^^'^^A) (see Definition gh)) or S = Z^\C'{"'''>(A), we define 
St = St\{u,v} and Sj = Si\{u,v}, and denote by c^l^^ and u\g^ the configurations obtained by 
setting {u,v} vacant in u\sj. and u\sj respectively. Then uj\g^ = u\g^ for these two choices of 5*, and 
we define {E occurs on S} = {E occurs in S} = {u : u\g^ E E}. 

The above definition of {E occurs on S} is intended to capture the notion that if we restrict 
attention to the status of bonds and sites touching S, then E is seen to occur. A kind of asymmetry 
has been introduced, intentionally, by our setting bonds and sites not touching S to be respectively 
vacant and non-green, as a kind of "default" status. Some examples are: (1) {v < — > x occurs in S}, 
for which Definitions prT|(c) and pl2|(b) agree, (2) {x < — > G occurs on S} = {x E S}\^{C{x)r\Sf\G ^ 
0}, and (3) {x^G occurs on S} = {x^S} U {C{x) n 5 n G = 0}. 

The following lemma is an immediate consequence of Definition ^.2| , and shows that the notions 
of "occurs on" and "occurs in" preserve the basic operations of set theory. The first statement of 
the lemma is illustrated by examples (2) and (3) above. 
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Lemma 2.3. For any events E,F and for random or deterministic sets S,T of sites, 



{E occurs on SY = {E'^ occurs on 5*}, 
{{E U F) occurs on S} = {E occurs on S} U {F occurs on S}, 
{{E occurs on S} occurs on T} = {E occurs on 5 fl T}. 

The corresponding identities with "occurs in" are also valid. 

We are now able to prove our basic factorization lemma. An erroneous lemma of this sort was 
given in |jl6|, Lemma 2.1]. Corrected versions can be found in or |2^. We use angular brackets 



to denote the joint expectation with respect to the bond and site variables. 

Lemma 2.4. Let p < p^. For p = p^, assume there is no infinite cluster. Given a bond {u,v}, a 
finite set of sites A, and events E, F , we have 



E occurs on C'^"'''^(A) & F occurs in Z'^\C'^"'^>(A) & {u,v} occupied 
= pl\\E occurs on C^""'"^ {A)]{l[F occurs in Z\C^'''"^ {A)]) 



(2.2) 



where, in the second line, C^^'^^{A) is a random set associated with the outer expectation. In addition, 
the analogue of ( p.2|) , in which "{u,v} occupied" is removed from the left side and "p" is removed 
from the right side, also holds. 

Proof. The proof is by conditioning on the bond cluster of A which remains after setting n{u,v} = 0, 
which we denote C^^'""^ {A)^. This cluster is finite with probability 1. We do not condition on the 
status of the sites in this bond cluster. Let B denote the set of all finite bond clusters of A. Given 
B G B, we denote the set of sites in B by Bg. Conditioning on C^'^''"^ {A)h, we have 



(2.3) 



I ^E occurs on ^^"'^^(A) & F occurs in Z'^\C'^"'^>(A) & {u,v} occupied 
= J2{^ [c'^"'''^(A)fe = BkE occurs on B, k F occurs in Z^B, & {u,v} occupied 



where B, signifies the vacancy of {u,v}, as described in Definition |2.2| (c). 

Since the first two of the four events on the right side of ( |2.3| ) depend only on bonds/sites 
touching Bg (according to Definition ^l2|(c), excluding {u,v}), while the third event depends only 
on bonds/sites which do not touch B, (again, excluding {u,v}), and the fourth event depends only 
on {u, v}, this independence allows us to write ( p.3|) as 



p 



[^^"'^^(A);, = BLE occurs on \ (l \f occurs in Z'^\B, 



BeB 

= p(l[E occurs on C^^'''}[A)]{l[F occurs in Z'^\C'^"'^>(A)])y (2.4) 

The random set C^'^''"^(A) in the inner expectation corresponds to the outer expectation. This 
completes the proof of ( p.2|) . The analogue stated in the lemma holds by the same proof. □ 
In Sections |2.2| and |2.3| , we will apply Lemma O several times. Further applications will occur 
in Section |^. As an example of a situation in which an event of the type appearing on the left side 
of (|2.2|) arises, we have the following lemma. 
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Lemma 2.5. Given a deterministic set A C Z'^, a directed bond {a', a), and a site y^A, the event 
E defined by 

E = {(a', a) is a pivotal bond for y ^ A} (2.5) 

is equal to the event F defined by 

F = {a< — > A occurs on C^^'^'^A) & y < — > a' occurs in Z'^\C'^'^''^'>(A)}. (2.6) 

Proof. First we show that E G F. Suppose E occurs, so we have a configuration for which 
(a', a) is pivotal for the connection from y to A. Then a E C^"'''"'^{A) and hence a < — > A occurs on 

CWM(^A). Also, y e C^^'^^^a'), and hence y < y a' occurs in C'^"'''*>(a'). But since (a', a) is pivotal, 

C'i'^''»>(a') C Z'^\C^^''^^A) and hence y < — ^ a' occurs in Z'^\C^°'' '""^ (A) . Thus F occurs. 

Now we show that F G E. Suppose F occurs. It suffices to show that (1) y < — > A when (a', a) 
is occupied, and (2) y ^-/^ A and y < — > a' when (a', a) is vacant. We see this as follows. (1) If 
(a', a) is occupied, then it is clear from the definition of F that y < — > A. (2) If (a', a) is vacant, 
then C^^''''^A) = C{A). Since y < — > a' in Z'^\C'^'^'''^>(A), we have y < — > a'. Also, it follows that 
y^CWM(^A). Thus y^C{A). □ 



2.2 The first expansion: one-M scheme 

In this section, we generate an expansion that will be used to prove upper and lower bounds on the 



two-point function, as an initial step in the proof of Theorem The expansion will produce a 
convolution equation for t/i ,p(0, x), for h,p such that h > and p < pc or h > and p = Pc- We refer 
to this expansion as the one-M scheme, because remainder terms in the expansion will be bounded 
in Section ^ using a single factor of the magnetization Mh^p. 

The starting point for the expansion is to regard a cluster contributing to Th^p{0, x) = P(0 < — *■ 
X, < — 7^ G) as a string of sausages joining to x and not connected to G. In this picture, the 
"string" corresponds to the pivotal bonds for the connection from to x, and the sausages are the 
connected components of C(0) that remain when these pivotal bonds are made vacant. Suppose 
the pivotal bonds for the connection from to x are given, in order, by {ui,Vi), i = 1, . . . ,n. Let 
f = and m„+i = x. Then the j*^ sausage is defined to be the connected cluster of Vj-i after 
setting and {uj,Vj} vacant (j = 1,... ,n+ 1), omitting reference to the undefined 

bonds {uo,Vo} and {un+i,Vn+i} when j = 1 or j = n + 1. By definition, the j^^ sausage is doubly 
connected between vj^i and Uj, which we refer to respectively as the left and right endpoints of the 
j^^ sausage. We regard the sausages as interacting with each other, in the sense that they cannot 
intersect each other. In high dimensions, the interaction should be weak, and our goal is to make an 
approximation in which the sausages are treated as independent. The approximation will introduce 
error terms which are represented as higher order terms in the expansion, and these can be controlled 
in high dimensions. 

We begin by defining some events. Given a bond {u',v'}, let 

Eo{0,x) = {0< — >xkO^G}, (2.7) 

E'q{0,x) = {0^ xkO^G}, (2.8) 

EJ(0, u', v') = E'q{0, u') occurs on ^^"''^'^(0), (2.9) 

Eq{0, u', v', x) = Eq{0, u') n {{u\ v') is occupied and pivotal for < — >• x} . (2-10) 
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Given a set of sites A C Z'^, we also define 



r^p(0,x) = (/[(O < — ^xkO^G) occurs in Z'^\A]). (2.11) 
The first step in the expansion is to write 

r,„p(0,x) = (/[^o(0,x)]) = {I[E',{0,x)]) + {I[Eo{0,Uo,Vo,x)]), (2.12) 

{U0,V0) 



where the sum is over directed bonds {uq,vo). We now wish to apply Lemma |2.4| to factor the 
expectation in the last term on the right side. Arguing as in the proof of Lemma £"0(0, Mq, fo, x) 
can be written as the intersection of the events that Eq{0,uo) occurs on C^'^°''"°^{0), that {uo,Vo} 
is occupied, and that {vq < — > x & f G) occurs in Z'^\C{"O'''o}(0). Applying Lemma |2j then 
gives 

(/[Eo(0, uo, vo, x)]) = p(/[K(0, uo, Vo)]t^'J°^^'''^'\vo, x)). (2.13) 

Therefore, 

r,,,(0,x) = {I[E',{0,x)])+p J2 (/[K(0,Mo,t^o)]C""'(°^(Mo,x)). (2.14) 

("o.fo) 

Before proceeding with the expansion, we give a brief perspective on where we are heading. To 

^{uq ,vq } /q\ 

leading order, we would like to replace r^^p (fo, x) by Th^p{vo, x), which would produce a simple 

convolution equation for Th^p and would effectively treat the first sausage in the cluster joining to 
X as independent of the other sausages. Such a replacement should create a small error provided 
the backbone (see Section |L^) joining t>o to x typically does not intersect the cluster C^'^°''"°^(0). 
Above the upper critical dimension, where we expect the backbone to have the character of Brownian 
motion and the cluster C*'f"°''"°^(0) to have the character of an ISE cluster, this lack of intersection 
demands the mutual avoidance of a 2-dimensional backbone and a 4-dimensional cluster. This is a 
weak demand when d > 6, and this leads to the interpretation of the critical dimension 6 as 4 + 2. As 
was pointed out in |^ , and as we will show in Section ^, bounding errors in the above replacement 
leads to the triangle diagram, whose convergence at the critical point is also naturally associated 
with d > 6. When h = 0, the diagrams that emerge in estimating the expansion can be bounded in 
terms of the triangle diagram, as was done in |jl6|, but for h ^ other diagrams, including the square. 



will also arise. However, square diagrams arise only in conjunction with factors of the magnetization 
Mh^p = P{0 < — > G) that vanish in the limit /i — *• more rapidly than the divergence of the square 
diagram as a function of h. These terms therefore make no contribution in the limit. 

We now return to the derivation of the expansion. Let A be a set of sites. To effect the 
replacement described in the previous paragraph, we write 

^) = ^h,p{^^ ^) ~ ^) - ^)] (2.15) 

and proceed to derive an expression for the difference in square brackets on the right side. Recall 
the notation v ^^-^ x of Definition |2.1| (c). Similarly, we denote by v <-^-^ G the event that every 
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occupied path from v to any green site must contain a site in A, or that v & G f] A. The quantity 
in square brackets in (|2.15|) is then given by 

T/i,p(f , x) — T^^p{v, x) = {I[v < — > X V G\) — {l\{y < — > X h V G) occurs in l/\A\) 
= {I[v < — > X kv ^—/-^ G]) - {I[v < — > X occurs in Z'^\A & v ^—/-^ G]) 
+ {I[v < — > X occurs in Z'^\A & v ^-y^ G]) 
- {I[{v < — > xkv ^ G) occurs in Z\A]) 

= {I[v ^xLv^G])- {I[v < — ^ X in Z'^\A G]). 



Defining 



this gives 



Fi{v, x; A) = |t> < — > X Sz V Gj , 

F^iv, x;A) = ^v< — ^x in Z\A & ^ g} , 



We define events associated with the event A^) by 

F[{y^ x; A) = Fi{v, x; A) fl | $ pivotal («', v') for v < — > x such that v ^^-^ m'| 

F^{v, u', v'; A) = F[{v, u'; A) occurs on C^''''''''\v), 
Fi{v, u', v', x; A) = F[{v, u'; A) fl {{u', v') is occupied and pivotal for v < — > x} . 

For n > 0, let 



(2.16) 

(2.17) 
(2.18) 

(2.19) 

(2.20) 

(2.21) 
(2.22) 

(2.23) 



with f „i = 0. The random set G„ is associated to an expectation, and we will sometimes emphasize 
this association by using a subscript n for the corresponding expectation. Using (p.l4|) , ( p.l5| ), (p.l9|) 
and ( p.23| ), we have 

r,,p(0,x) = (/[E;(0,x)])+p Yl {I[EoiO,uo,vo)])T,,,piv,x) 

(uo,Vo) 



p J2 {nEoiO,^o,Vo)MFiivo,x;Co)])) 



+ pJ2 {I[E'^iO,uo,vo)]{I[F2{vo,x;Co)])). 



(2.24) 



Here, we have tacitly assumed that the sums on the right side converge. We will continue to make 
this kind of assumption in what follows, and return to this issue at the end of Section ^172. 



In the one-M scheme, we will expand terms involving Fi, but not expand those involving F2. 
For the Fi terms, by definition we have 

(/[Fi(w„__i,x;G„„i)])„ = {I[F[{vrr-ux; G„_i)])„. (2.25) 
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Arguing as in the proof of Lemma |2.5| , the event Fi{vn-i,Un,Vn,x; Cn-i) is the intersection of the 
events that F{( 

'Vn—li Un] Cn—l) OCCUrS On Cn {vn-i)-, that {un-,Vn} is occupied, and that {vn < — > 
X k Vn ^—h occurs in (f„_i). Therefore, applying Lemma p^, we have 

C'n-i)]rgK,a;)).. (2.26) 

Using (gl9D , substitution of (|2^ ) into (|]25D leads to 
(/[Fi(t;„_i,a;;C'„_i)])„ = (/[F{(t;„_i,x;C'„_i)])„+p ^ 

(u„,i;„) 

-p ^ iJ.\Fl{Vn-\,Un,Vn\Cn-\)\{l\F\{Vn,X\Cr^\ln+\)n 
{u„,v„) 

+ P J2 {I[Fl{Vn-l,Un,Vn,Cn-l)MF2{Vn,X-Cn)])n+l)n. (2.27) 

{Un,Vn) 



To abbreviate the notation, we define 

Yn = I[Fi{Vn-l,X]Cn-l)], 

Y; = I[F[{vn^,,x;Cn-i)], 

Then ( |2.27| ) can be rewritten as 

{YnU = + (r;)„r- (F:(y;+i)„+i)„ + (^^(/[^^(i;^,^;^^)])^^!), 



(2.28) 
(2.29) 
(2.30) 

(2.31) 



where we further abbreviate the notation by omitting pY^/, „ x from the last three terms on the 
right side. Substitution of ( 2.31 ), with n = 1, into the third term of (|2.24|) gives 



r,,,(0,x) = i^{I[E',]), - (/[K](F/)i)oj + ((/[K])o - (/[K](n")i)ojr.,p 

+ {i[K]{y;' {¥2)2)1)0 + {i[EmF2])i)o + {i[E'^]{Yi'{m)2)i)o. (2.32) 

The expansion can be iterated by applying ( p.31| ) to the term on the right involving (1^2)2, and so 



on. 



To express the result of this iteration compactly, we introduce the following notation. In place 
of (■)„, we write E„. For n > 1, let 



0i°J(O,x)=EoJ[E;(O,x)], 



0S(O,a;) 



-l)"Eo/[^^,']Eir/' ■ ■ ■ E„_iK'_iE„F^, 

-1)> Yl Eo/[K]EiF/'---E„_iF^'_iE„F;, 

-l)"Eo/K]Eir/' ■ ■ ■ E„_iK'_iE„F„, 
-l)"-iEo/[K]Eir/' • ■■E„_,Y:_,EJ[F2{vn-uX- C^-i)]. 



$S(0,^n) 

rS(0,a:) 
<(0,x) 



(2.33) 
(2.34) 
(2.35) 

(2.36) 

(2.37) 
(2.38) 



14 



In the above, the notation continues to omit sums and factors of p associated with each product. 
For each > 0, the iteration indicated in the previous paragraph then gives 



N 



N 



N+1 



r,,,(0,x) = l]0g(O,x) + J] J]$g(0,t;„)r,>„,x) + i?S(0, x) + r[7^)(0, x). (2.39) 



n=0 



n=0 v„ 



The cases = and = 1 are given exphctly above in ( |2.24]) and ( p.32|) . For p < Pc, h > 0, or 
for p = Pc, h > 0, it was argued below ( |1.4D that the Fourier transform fh^pik) exists. The bounds 
of Lemmas 



r4| and p.6| below will show that the Fourier transform of each of the quantities on the 
right side of ( |2.39D also exists, under the hypotheses of Theorem These bounds will also imply 
convergence of the various summations arising in the course of deriving the expansion. For each 
> 0, this leads to 



Th,p{k) 



E 



N 



{N+1), 



(2.40) 



In this one-M scheme for the expansion, 0/i p and (^h,p are given by the same diagrams as in |T6 



but now there is a G-free condition on the connections in each of the nested expectations defining 
the diagrams. If we set /i = 0, the G-free condition becomes vacuous, the terms involving F2 in the 
remainder vanish, and we recover the expansion of ||TB|. 



2.3 The first expansion: two-M sclieme 



For the proof of Theorem we require a more complete expansion, in which bounds on remainder 
terms will involve two factors of the magnetization Mh,p- We therefore refer to this new expansion as 
the two-M scheme. The expansion proceeds by further expanding the F2 that was left unexpanded 
in the one- M scheme, in i?^(0,x) of { WMl - 

We begin by decomposing F2 into several events. Using the notion of "sausage" defined at the 
beginning of Section |2.2| , we introduce the following definitions: 

F^[v,x]A) is the event that v < — > x, v G, exactly one sausage is connected to G, and the 
right endpoint of the sausage which is connected to G is connected to v in 7j'^\A. 

F4(f , x; A) is the event that v < — > x, v < — > G, two or more sausages are connected to G, and the 
right endpoints of all sausages which are connected to G are connected to v in 'Z'^\A. 

F^lvjX; A) is the event that v x, v G, and the right endpoints of all sausages which are 
connected to G are connected to v in 7j'^\A. 

The event F4 involves two disjoint connections to G and will lead to a bound involving M|p. It does 
not require further expansion. The events F3, F4, F5 are related to F2 in the following lemma. In 

the lemma, U denotes disjoint union. 
Lemma 2.6. For v,x ^Ij"^ and A C Z'^, 

F2{v, X- A) = {Fsiv, X- A) U F^v, x; A)} \F5{v, x; A). (2.41) 
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Proof. Since F2 and F5 are disjoint, -F2(f , x; A) = {F2{v, x; A) U -F5(f , x; A)} \F^{v, x; A). Thus it 
suffices to show that 

F2{v, X- A) U F^{v, X] A) = Fsiv, x; A) U F^iv, x; A). (2.42) 

By definition, the left side is the event that v < — > x, v < — > G, and the right endpoints of all sausages 
which are connected to G are connected to v in Z'^\A. The desired identity then follows, since 

F3 and F4 provide a disjoint decompositions of the above event, according to the number of sausages 
connected to G. □ 
Now we define the events 

F!^{v,x]A) = F3{v,x;A) n {(last sausage of v < — > x) G}, (2.43) 

F^{v,x;A) = F4{v,x;A) n {(last sausage of v < — ^ x) G}, (2.44) 

Fl^(v, x; A) = F^^v, x; A) D {$ pivotal {u', v') for v < — > x such that v -u'}, (2.45) 

and for j = 3, 4, 5 

F^'{v, u', v'] A) = F^{v, u'] A) occurs on C^'^'^'^v), (2.46) 
Fj{v, u', v', X] A) = Fj{v, u'; A) fl {{u, v') is occupied and pivotal for v < — > 

n{C'{"''"'>(x)nG = 0}. (2.47) 

These events obey the identity of the following lemma. 
Lemma 2.7. For j = 3,4,5, 

m{v,x;A)]) = {I[F;{v,x;A)])+p m'{v,u\v'; A)]t^^';'''^''\v' ,x)) . (2.48) 

{u',v') 

Proof. Let j = 3, 4, 5. We first observe that 

{I[F,{v,x;A)]) = {I[F;{v,x;A)])+ {I[F,{v,u' ,v' , x; A)]) . (2.49) 

{u',v') 

Arguing as in the proof of Lemma |2.5| , each Fj{v, u', v', x; A) can be written as the intersection of the 
events that Fj{v,u';A) occurs on C^"''^'j'(f ), that {v' < — > x k, v' ^-/^ G) occurs in 'L\C^'^' '""'^{v)^ 
and that {«', v'} is occupied. Hence Lemma |2.4| can be applied to conclude 



(/[F,(t;, u\ v\ X- A)\) = p{I[F^'{v, u\ v'- A)]t^'; ' '^''\v\ x)). (2.50) 

Combined with (|^), this gives (|^. □ 
We can now begin the expansion of the F2 term. Using Lemma |2.6| , and Lemma for F3 and 
F5, we obtain 

{I[F2{v, X- A)]) = {I[Fs{v, x; A)]) - {I[F,{v, x; A)]) + {I[F,{v, x; A)]) 
= {I[F;,{v, X- A)]) - {m{v, X- A)\) + i,I\F,{y, x; A)]) 

+ P E {{nF^iv,u\v';A)]-I[F;;{v,u\v';A)]}T;^';'^''^-'\v',x)). (2.51) 

{u',v') 
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The F4 term is not expanded further. For the last term, we use ( p.l5| ) and ( p.l9| ). This gives 
{I[F2{v,x-A)]) = {I[Fiiv,x;A)])-{I[F;,iv,x;A)]) + {I[F,iv,x;A)]) 

+p ^ {i[f;;{v, u', v'; A)] - i[f;;{v, u', v'- a)]) t,,,{v', x) (2.52) 



V E ({^[^3'(^, u\ v'- A)] - /[F^t;, u\ v'- A)]} {I[F,{v\ x; C^"' '^'>K))]) 



+p J2 {{IlF^iv, n\ v'- A)\ - l\Fl[v, u\ v'- A)\} (/[F^K, x; C^^'^'^ («'))])) • 

We are now in a position to generate the expansion. First, we introduce some abbreviated 
notation. Let 



Wn = I[Fs{vn-i,x;Cn-i)] - /[F5 , x; , 

= I[F^{Vn-l,X-Cr,-l)]-I[F;^{Vn-l,X;Cn-l)], 
= /[F3 (t;„_i, Un, Vn\ Cn-\)\ " l\F'J^{Vn~uUn, Vn] Cn-l)], 
{F2)„ = I[F2{Vn-l, X; Cn-l)], (-^4)n = I[F4{Vn-l, X] Cn-l)]- 



(2.53) 
(2.54) 
(2.55) 
(2.56) 



To further abbreviate the notation, in generating the expansion we omit all arguments related to 
sites and omit the summations „ ) that are associated with each product. Then, recalling 

( p.28| ), ( |2.52| ) can be written more compactly as 



{{F2)n)n = (0„ + {mn)n + {W^,)^ T + « {{F,) n+,) n+l) n ' « (>^n+l)„+l)„ • 

An expansion can now be generated by recursively substituting (|2.31| ), which now reads 

{Yn)n = + (K')nT " {Yn {Yn+l) n+l) n + (K' ( (-^2)n+l)n+l)n, 



(2.57) 



(2.58) 



into the last term on the right side of (|2.57| ). The first iteration yields 

{{F2)n)n = (W^n)„ + {{F,)n)n + ^ + (^K' ( (i^2)n+l )„+l)„ 

- « (K+l)n+l>„ - « (K'+l)n+l>„ r 



(2.59) 



We then apply (|2.58|) to and so on. We halt the expansion in any term in which an F4 appears, 
or when an F2 appears in a term already containing a W" . The result is substituted into the formula 
for R^l of (iH). 
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To organize the resulting terms, we introduce the following quantities, for n > l,m > 1. 



<-)(0,x) 



u 



{n,m) 
h,p 



-1)"+"-1Eo/[K]EiF;' ■ ■ ■ E„_iK'_iE„< 

-l)"-iEo/[K]Eiyi"- ■ •E„_iK'_iE„W^, 
-l)"+"-iEo/[K]Ein" ■ ■ ■ E„-ii;:'_iE„l^^' 

vF V" F V" F V" 

n+1 ■"-'n+jn-1-' n+m-l-"-'n+m n+mi 

-irEoI[E'^]E,Y;' ■ ■ ■ E„_iF;_iE„(F4)„, 
-ir+"'EoI[E'^]E,Y;' ■ ■ ■ E„_ir:_iE„W^^' 

-l)"+"-iEo/[K]Ein" • • ■E„-iK-iE„l^; 

xE„_(_iy^j_l_-^ • • ■ E„_|_m-l^j-|-m-lE?i^,+m- 



(2.60) 

(2.61) 
(2.62) 

(2.63) 
(2.64) 

(2.65) 
(2.66) 



In the above, the notation continues to omit sums and factors of p associated with each product. 
We substitute the result of the expansion into the term R^f^^ of ( p.39| ). Define 



N 



N M 



AM,N) 
h,p 



N M+1 



N 



(0,x) 



(0,x) 



n=0 n=l m=0 n=l m=l n=l 

N 

+ E-&""'^(0'-) + C^(0'-)' (2-67) 

n=l 

N N M 

EO'^") + EES&"^'(0'^")- (2-68) 



n=0 n=l m,=0 

For each N,M > 1, the result of the expansion is then 

,(Af,Af)/^ N v;^ jj{M,N), 



Vn,X). 



(2.69) 



Under the high dimension assumptions of Theorem |l.lj , existence of the Fourier transforms of 
A\^I^'^\o,x) and bI^'^\o,x) will follow from Lemmas 3^, pl6| and ^l6| below, leading to the conclu- 
sion that for p < Pc, h > 0, or for p = p^, h > 0, 



Th,p{k) 



UM,N) 
h,p 



{k) 



B 



{M,N) 
h,p 



(k) 



(2.70) 



In Section [4.2| , we will take the limits M,N — » oo in ( p.70|) , and in this limit, the terms 

^n=i'^h!^p'^~^^\^) '^l^p^^\^) A.l^'^\k) vanish. For h = 0, the set G of green sites is empty, 
and the events F3, F4 and F5, which require connection to G, cannot occur. Therefore the terms 
involving ^, S, S, U, and u all vanish for h = 0, and (|2.69|) reduces to the expansion of |l^ . 
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3 Bounds on the two-point function via the one-M scheme 



In this section, we use the one-M scheme of the expansion to prove upper and lower bounds on 
fh,p^{k). The bounds involve the function 



_]_ \^ ik-x 



(3.1) 



where \VL\ denotes the cardinality of the set VL of neighbours of the origin. We will frequently write 
simply Vt, rather than For the nearest-neighbour model, we have simply D{k) = dr^ X]j=i cosfcj, 
and for both the nearest-neighbour and spread-out models, 1 — D{k) is asymptotic to an ^-dependent 
multiple of /c^ as — 0. Useful bounds on D{k) can be found in p5| . Appendix A]. 

Proposition 3.1. For the nearest-neighbour model with d sufficiently large, or for the spread-out 
model with d > 6 and L sufficiently large ( depending on d ), there are positive constants Ki and K2 
(independent of L,d), such that for h > and k G [— 11,71]'^, 



[1 - D{k)] + VT^- 



< rh,pAk) < 



[1 - D{k)] + Vl - e^f" 



(3.2) 



We treat the nearest-neighbour and spread-out models simultaneously in this section. To facili- 
tate this, we will use A to denote a function of L or of which goes to zero as L ^ 00 or (i — 00. 
We will use 0(A") to denote a quantity bounded by (KX)"-, with K independent of h, p, n and of L 
or d. We assume without further mention that henceforth d ^ 6 for the nearest-neighbour model, 
and d > 6 and L ^ 1 for the spread-out model. 

Our starting point for proving ( |3.2| ) is ( |2.40| ). Introducing the notation 



^(^+1) 
Ph,p 



N+l 



(7V+1) 
h,p 



(3.3) 



( p:iOD states that for any > 0, /i > 0, 



n=l 



.(N+l), 



^h,pAk) 



N 



n 



MnlSk) 



(3.4) 



It will be a consequence of what follows that the limit A^ ^ 00 can be taken in ( |3.4| ). The proof 
of (p.2|) is organized as follows. In Section lOI, we will extract the leading terms from (|3.4|). The 



denominator of (|3.4| ), and the contribution Yln={)^hpS^) numerator, will be bounded in 



Sec. |3]^. The remainder term p)^p^{k) will be bounded in Sec. p73i At this point, we will be able to 



take the limit N ^ 00. The remainder term will be bounded using Lemma |3.5|, the "cut-the-tail" 



lemma, whose proof is deferred to Section p.5[ The cut-the-tail lemma will also be used in Sections | 
and ^, and in II. In Section |3.4| , we combine the bounds obtained thus far, and prove (|3.2|) . 
In this section, we will use the infra-red bound (11.91) and the bound 



l<pSt<l+0{VL-^), (3.5) 
both of which are due to ||16|. For the nearest-neighbour model, (|3.5|) was improved in [jl9 . 
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3.1 The main contribution 



We rewrite the n = terms of ( |3.4|) as 



with 



CW = a[^o(0,0)]), 



(0,-uo) 



{uo,vo):uo=/=0 



ikvo 



The terms (p^pik) and ^hp{k) are the leading ones. The former is given simply by 

For the latter, we have the following lemma. 
Lemma 3.2. For p < Pc, h > 0, and k E [— 7r,7r]'^, 



$i°°)(A;) =pn (1 - M;,,p)D(A:) + 0(A)M,,p 



(0) - = pQ[l - D(A:)] [1 - M,,, + 0(A)M,J . 

Proof. We first note that ( |3.1(J| ) would follow immediately from 

{I[E'^{0, 0, vo)]) = 1 - Mh,p + OiQ-')Mh,p. 
To prove ( p.l2| ), we begin by observing that 
(/[E^'(O,O,t;o)]) = P(C'^°'^°>(O)nG = 0) 

= P(C(o) n G = 0) + |p(C'{°'''«>(0) n G = 0) - P(G(o) n G = 0) 



s(oo). 



(3.6) 

(3.7) 
(3.8) 



(3.9) 



(3.10) 
(3.11) 

(3.12) 



(3.13) 

The first term on the right side equals 1 — Mh^p. The second term is the probability that {0,fo} is 
occupied and pivotal for the event {0 < — > G}, and is bounded by pP{vo < — > G) = pMh,p. With 
(PD, this proves (|3ll ). 



Finally, ( p.ll| ) follows from substitution of ( p.l2| ) into 

*i°?(0) - =pJ2 (/K(0,0,^o)]) [1 - cos(fc ■ .;o)]. 



(3.14) 



□ 
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3.2 Standard diagrammatic estimates 

In this section, we obtain bounds on the subdominant terms </)^h\k) and for n > 1 and 

n = 01. The bounds are standard, in the sense that they do not require methods beyond those used 
l6[| . They are based on bounds for simple polygonal diagrams, and we begin by reviewing these 



m 



bounds. 

For p G [0,pc] and h >0, we define the polygon and weighted polygon diagrams: 

Pff (^) = ^h,p{^,yi)Th,p{yi,y2)---Th,p{ym-i,x) -6o^^{Th,p{0,0)}"', (3.15) 

W^jHa;) = l2/ir^h,p(0,l/i)rft,p(yi,y2) ■ ■ •rh,p(ym_i,x). (3.16) 

The second term of P*^™-' just subtracts the yi = y2 = ■ ■ ■ = ym-i = x = term from the sum, and 
thus P^™-* can be rewritten as a sum of products of r/^^p's, with positive coefficients. The following 
lemma gives bounds on these quantities. 

Lemma 3.3. For p G [0,Pc]) h>0, and A sufficiently small, 

sup Pi"!^(x) < 0(A) for d > 2m, (3.17) 



sup 



Wj™^(x) < 0(A) for > 2m + 2. (3.18) 



Proof. For h>0,hj {\L^) we have < Th,p{0,x) < ro,p(0,x). Therefore, Pi™^(a;) and W|j"^(x) are 

dominated by their values at /i = 0. Also, Po^{x) and Wqp^(x) are monotone nondecreasing in p, 
since ro,p(0, x) is. Thus we need only bound their values at /i = by 0(A), uniformly in p < pc and 
in X, to establish the lemma. 

It was shown in that P|fp(a;) and ^^^^{x) are 0(A) for /i = 0, uniformly m. p < pc and in 



X. The method involved writing these quantities in terms of the Fourier transform of the two-point 



function and using the infra-red bound ( |1.9|) . The same method can be used for general m, yielding 



the lemma. □ 
We now turn to bounds on <p^hjj{k) and $|i"p(A;). To discuss the cases n = 01 and n > 1 simulta- 
neously, we introduce the notation 

n=l' (3.19) 
\ n n > 1. 

The following lemma gives bounds on the subdominant 4'h^p{k) and $ji"p(A;) corresponding to these 
values of n. 

Lemma 3.4. For h > and p G [0,pc]; d'nd for ri = 01 or n> 1, we have 

^ 0(A^^)e-^(^+i), |0;:;^(O) - 0g(A:)| < 0(A'^)e-^(^^+i) [1 - D{k)], (3.20) 

|^g(A;)| < pfiO(A^)e-^(^+i), ||.g(0) - I)g(fc)| < pnO(A^)e-"(^+i) [1 - D(A;)], (3.21) 



and 



C(0)-<l>S(0)|<pfiO(A^)M,. (3.22) 



■0,p\^J ^h,p 
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The remainder of Section ^]2| is devoted to the proof of Lemma p.4| . The method of proof 
illustrates our basic strategy for bounding diagrams. Because the proof is lengthy, we present it in 
several steps. 



Explicit /i-dependence 

We begin by making explicit the /i-dependence of quantities of interest. For this purpose, we define 
auxiliary events which only depend on bond variables, with no G- dependence: 

E',^,{0,x) = {0^x} (3.23) 

E'^,,{0, u\ v') = {0 ^ u'] occurs on C'^"'''''>(0) (3.24) 

F[ ^(t>, x; A) = [v ^^-^ x} n pivotal («', v') for v < — >• x s.t. v u'} (3.25) 

Flf^iv, u', v'; A) = Flf,{v, u'; A) occurs on C^"''^'^(t;). (3.26) 

These are the events occuring in |jl6|. We denote by {■) ^ or the expectation with respect to the 
site variables alone. Also we use (■)^ or E;, to denote expectation with respect to the bond variables. 
The joint expectation is then given by {{■)g)fi 
By definition, 

{I[E',{0,u)])g = I[E',^,{0,u)]e-'\^^''>\ (3.27) 
(/[E^'(0, u', v')])^ = /[K,,(0, u', v')] e-'^l^^"' "'^(0)1 (3.28) 

{I[Fiiv,x)])g = I[Fl,iv,x)]e-''\^^^^\ (3.29) 
{I[Fi'iv,u',v')])g = /[F,';,(t;,n',i;')]e-'^l^^"'"'^(^)l. (3.30) 
Recalling (p.23| ), we introduce the abbreviations 

Yn,b = I[Fi^b{Vn-l, X; Cn~l)], Y^ f^ = /[F{^^(f„_i, X; Cn-l)], Y^'i, = I[F{'t,{Vn-l, Un, Vn\ Cn-\S\- 

(3.31) 

We also write C„ = C(f„_i). Then we have 

^) = Eo,4/[K.(0, x)\e-^\^% (3.32) 
'/'£(0,a;) = (-l)"Eo,,/K,,]e-'^l^«lEi,,n>"^l^^l ■ ■ ■ E„_i,,K'_,,,e-'^l^"-l E„,,r;,e-'^l^"l, (3.33) 
$S(0, v^)=vY. ^^AAKA^. v^)\e-^\^\ (3.34) 



<(0,t^n) = (-l)>E^o.^^rae-^l^"lEi,5n>-'^'^^' ■■■En-i,5K-i,,e-'^l^"-lE„,<,e- 



■h\C^\ 



(3.35) 



Bounds involving 0*^"^ 

We begin with the simplest case n = 01. For x 7^ we have 

x) = Eo,4/[0 ^ x]e-'^I^WI] < e-2%,/[0 ^ x] < e-^\^^,{^, x)\ (3.36) 
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using the BK inequality and |C(0)| > 2. We thus have 



C(^)| ^ ^ Y.^-'\AO,xr = e-^'^PglO) = 0(A)e- 



2h 



(3.37) 



Similarly, using the lattice symmetry and ( ^.361 ) we obtain 



x\ 



x^O 



(3.38) 



2c/ 



For n > 1, each expectation in |0|jp(fc)| involves at least one factor of e since C or C cannot 
be empty. Bounding each of these using e"'^''"' < e"'^, we obtain 

0^(0, x) < e-'^("+i)Eo,fe/[<,]Ei,<, ■•■E„_i,6r;„i,,E„,5r;,. 



(3.39) 



The resulting bond expectation was treated in |T6|, and can be bounded using the critical triangle 
diagram Po^p^, yielding 



\&k)\<0{Xne 



n\ -h{n+l) 



{n > 1). 



(3.40) 



Because similar diagrammatic estimates will be required repeatedly in the rest of the paper, we recall 
the main ideas entering into the proof of (|3.40|) . Further details can be found in |jT6|. There are 
two main steps: (1) We first bound the nested expectation in terms of Th,p, from right to left. The 
original nested expectation is thus bounded by a sum of products of r^ p, which can be represented 
by diagrams. (2) We estimate the resulting expression by decomposing it into triangles. 

Step 1: Bounds on building blocks. 

We bound the nested expectation from right to left, starting with (V^ j,)^ ^. For this expectation, 
we first note that 



F[ j^{Vn-l,X]Cn^l)n C {Vn-l 



I Cn — 1 



< — > X & v'^ x]}^ 



(3.41) 



where we used the subscript n to emphasize we are considering level-n connections, and {u'^, v'^) 
denotes the last pivotal bond for the connection Vn-i x (if it does not exist, we set v!^ = Vn-i). 
This is a subset of the event 



(3.42) 



where 



Flf,{Vn-l,X,Wn-l,v'n) = {{Vn-1 < > v'J O {v'^^ i > Wn-l) O {Wn-1 < > x) O (ti^ i > x)} 

Vn-l < 



X >. 



(3.43) 
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In ( p.43| ), we have introduced a suggestive diagrammatic notation for events, in which thin hues 
represent disjoint connections between vertices. 

Now we continue to estimate (|3.42|), using the BK inequahty. We have 



'■,Cn-l)n\j < ^ I[Wn-l ^ Cn-l] {l[F[^f^{Vn-l.,Un-,Wn-l-,v'^)])^ 



rVn~l 



< ^ 5Z T-o,pK-i,Oro,p 1 ) ro,p 1, x) ro,p «, x) = ^ 




(3.44) 



where on the right side, thick hues represent factors of ro^p, and summation over is imphcit over 
the unlabelled vertex. This is the desired bound on the level-n expectation. 

Next, we consider the expectation at level- — 1). Here we have two conditions: the event ^ 
coming from Y^_^^, and the requirement Wn-i G Cn-i which has just been produced in the process 
of bounding the level-n expectation. Our goal is to bound the right side of 

y^'_lf,/[w„_l G Cn-l\) < \I[Vn-2 ' ^ Un-l & v'n-1 ^n-l & Wn-1 ^ C^n-l] ) 

/ n— 1,6 \ / n— 1,6 

This can be further bounded by the following (essentially, we add a connection t>„_2 < — > Wn-i to 
the diagram of ( p.43| )): 



E 



Vn-2 W„_i 




Vn~2 




Wn-l 


A ] 


+ / 








Wn-2 Un-l 




Wn- 


2 


Un-l 



Wn-2&Cn-2 

By the BK inequality, this is bounded above by 

Vn-2 Wn-1 Vn-2 



(3.45) 



n-1,6 



«)n-2eC„_2 Wn-2 Un-l 



Wn-1 



(3.46) 



Wn-2 Un-l 



This is the desired bound for level- (n — 1). 

The remaining expectations are bounded in a similar fashion, until we reach level-0. Arguing as 
above, it is bounded by 



I[E'^]I[woeCo]) <(l 



0,6 



Uq 



Wo 



Uq 



< 0< 



0,6 



(3.47) 



Wo 



Combining the above, we can bound 0|jp(O) for any n. For example, 0|jp(O) is bounded by the sum 



of two terms: 



Wi Wi 
"^0 Wq 



(3.48) 
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In the above, a pair of thick hnes represents a (pivotal) bond, and summation over all unlabelled 
vertices, including pivotal bonds, is understood. Each pivotal bond also carries a factor p. 

Step 2: Decomposition of the diagrams. 

For n = 2, we illustrate the method for estimating diagrams via a decomposition into triangles. 
The basic tool is the simple inequahty 



^f{x)g{x) < [sup/(x)] ^g{x), for /(x), g{x) > 0. 



(3.49) 



Applying ( p.49| ) and translation invariance, the first diagram (including the summation) of ( p.48| ) is 
bounded by 



^ ^1-1 r ^1 1 r 1 r ,^ ^2 -| r r 



(3.50) 



By Lemma 3.3, the factors on the right side obey 



r> <i+pgjo)=i+o(A), 



r~ =pJ2\ < -v) + 5.,,.] < pno{X)+p = 0(A), 

(0,^;) y (0,1)) 

^ <5«,3,o + PilM<l + 0(A), 







sup 



[1 + 0(A)] 0(A) = 0(A). 



(3.51) 
(3.52) 
(3.53) 
(3.54) 



Thus the first diagram of ( |3.48| ) is bounded by [1 + 0(A)]^0(A)^ = O(A^). Similarly, the second 
diagram of ( p.48| ) is bounded by 



W4 



sup 

U14 



sup 



W3 



sup 

W2 



W2 -| r Wi -| r 

J L />— J L 



0(A^ 



(3.55) 



A similar analysis can be carried out for other values of n, leading to ( |3.4CI| ) 



Finally, we consider the bound on |0^"p(O) — 0)^"p(/c)|. For this, we write 0^"p(O) — 0^"p(A;) = 

^x4>h^l{0,x)[l — cos(/c ■ x)] and bound (f)^f^p{0,x) as above. Now in step 2, we use both the triangle 
and the weighted bubble diagrams at pc, together with the bound 1 — cos(/c ■ x) < k'^x'^/2d, with the 
result 



l'^S(O) - ^ OiX^e-^^--^'^ [1 - mi (n > 1). 

This completes the proof of ( p.20| ). 



(3.56) 



25 



Bounds involving 

The bounds ( p.21| ) on $ can be obtained in the same way. The only difference between (f)^^^ and •f''-"^ 
is in the level-n expectation, which involves for (j)^"''* and F{' = Un] A) occurs on C*n} for 

Since F" is a subset of the event ( |3.42| ), the bounds for (p^^^ also apply for apart from a 
factor pQ < 1 + 0(A) due to the sum over Un+i- 

We turn now to the remaining bound ( ^.221 ), which involves the extraction of a factor M/j p. By 
definition, 



C^(0)-C^(0)=J> J2 (/TOO,%,^;o)][l-e-'^l'^(°)l 

(uo,-!;o):jio^O 



(3.57) 



This is bounded above by p P(0 Uq t ^ 

is contained in the event that there is a w e Z'^ such that {0 
Mo} o {w i — > G}, and hence, as required, (|3.57|) is bounded by 



G). But the event in this expression 

Uq} o {0 < — > w} o {w < — > 



P ^ ^To{0,w)To{w,Uo)To{uo,0)Mh,p < p^lO{\)Mh,p. 



(3.58) 



For n > 1, we can proceed in a similar fashion. For simplicity, we illustrate the argument for 
n = 2, for which 



(3.59) 



We begin by writing the difference $o^p(0, U2, f 2) — ^2, V2) as a telescoping sum. To abbreviate 

the notation, we denote the nested expectation ( |3.59| ) by (0"l"2")ft. Then 

(0"l"2").=o - (0"1"2"). = [(0"l"2").=o - (0").(l"2").=o] + [(0").(l"2").=o - (0"l")/.(2")/.=o] 

+ [{0"l"U2'%=o-{0"l"2'\]. (3.60) 

The three terms on the right side are treated similarly. For example, the second term is given by 

(0").(l"2").=o - (0"l").(2").=o = (/TOe-^l'^°WI (F/:,(l - e'^'l'^^^-)!) (YQ^,,),,)^ , • (3.61) 
The innermost expectation can be bounded, as in (|3.44|) , by 



(3.62) 



In the middle expectation, the factor 1 — e ''l'^i(^o)l can be interpreted as a requirement that Gi{vq) 
should be connected to G, so that 



0,6 

















Wi 





{y;[, (1 - e-^l'^^^^")!) I[w, e C,] >^ < {Yl,I[v, ^Gkw^eC,] >^. 



Using the bound of (|3.45|) for Y('f^I[wi G Ci], this is bounded above by 

+ I \ \ !> I[vo 



G] 



(3.63) 



(3.64) 



Wo Ml 



Wo 



Ml 
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- 

Figure 1: (a) Examples of diagrams arising in bounding ( |3.64| ). (b) Feynman diagrams arising in 
bounding these diagrams. 

Compared with ( |3.46| ), there is now an extra condition vq < — > G. This connection to G cor- 
responds diagrammatically to the addition of a vertex from which a connection to G emerges. We 
proceed as in the previous diagrammatic bounds, using the BK inequahty. A factor Mh^p arises from 
the connection to G. This factor is multiphed by a sum of diagrams. Exphcitly, the diagrams are 
those obtained by adding an extra vertex to any one of the fourteen hues in each of the two diagrams 
appearing on the right side of (|3.48|) . These diagrams can then be bounded in terms of the triangle 



diagram, apart from a few cases where the triangle alone is insufficient to estimate the diagrams. 
Three such cases are depicted in Figure |l|, together with resulting Feynman diagrams that cannot 
be reduced to triangles. These irreducible diagrams can be bounded using the square diagram for 
the nearest-neighbour model in sufficiently high dimensions. For the spread-out model, we illustrate 
the argument for the leftmost diagram in Figure |l]. This diagram results from construction 2 of 
Section A. 2 applied to the triangle, and is therefore finite for c? > 6 by ( |A.14| ) and Theorem A.l . 



Moreover, it converges to 1 as L ^ oo, by an application of the dominated convergence theorem 
as in 



p!6| . Lemma 5.9]. However, the contribution leading to the limiting value 1 arises from the 
case where the lines in the Feynman diagram all contract to a point, and this contribution was not 
present originally and need not be included in the bound. Thus the diagram can be bounded by 
O(A^), where we increase A if necessary to achieve this. The overall result is 

\Ki^)-^^H!M<0{X')M,,,. (3.65) 

Similar bounds can be obtained for general n > 1, yielding the bound 

l<^S(0)-<^'S(0)|<O(A")M, (3.66) 



of (|3.22|) . This completes the proof of Lemma |3.4 □ 



The method of proof of Lemma also gives the bound 



Arguing as in the proof of Lemma |3.2| , we also have 

"ICC. = (-V|B(0)) (1 - J4,,) + 0(A), (3,68) 



x\ 
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Therefore, for p < Pc, 

oo 

-^l E *S(0) = (-V^^(O)) + 0(A). (3.69) 



n=0 



3.3 The cut-the-tail lemma and bounds on the remainder 

The following lemma will be used to bound the remainder term pjfp(fc) of (|3.3| ). It will be used again 
in Sections | and ^. The lemma is called the "cut-the-tail" lemma, because it is used to cut off a 
G-free connection between two points, at a pivotal bond. Its proof is deferred to Section p3i 



Lemma 3.5. Let x be a site, {u,v} a bond, and E an increasing event. Then for a set of sites A 
with A3 u, and for p < Pc, h > (assuming no infinite cluster when {h,p) = {0,Pc)), 

(l[E occurs on C^'^'^HA)]t^';'"'^^\v,x)) < --L_p{^E)rnAv.x). (3.70) 

The remainder of this section will be devoted to the proof of the following lemma. The method 
of proof combines the cut-the-tail lemma with standard diagrammatic estimates. 

Lemma 3.6. For n>l, and for h > 0,p < pc or h > 0,p = Pc, 

|^£(fc)| < 0{X^)e-'^^ (x.,p + 1)M,,„ |fg(fc)| < 0{Xne-'-Xh,p, (3.71) 

and hence 

|p£(fc)|<0(A)e-nx.,. + l)M,,,. (3.72) 

Proof. By definition, p|i"p(0,a;) = X]j=i -Rhp(0' ^) ~^ ''^h^li^^^)^ so it suffices to prove ( |3.71| ). By 
definition, 

^S(0,a;) = {~iy-'EoI[E'^]E,Y;'---Ej_,Y;'_,EjI[F2], (3.73) 
^£(0,a;) = (-l)"Eo/[^:,']Eir/'---E„_iK:_iE„F„, (3.74) 

The term r^"^ differs from 0^^"^ only in the level-n expectation, which is 

= P{Fi{Vrr-l,X; Cn-l)) = P{vn~i ^xk V^-l ^ G) . (3.75) 

Combining ( p.25| ) and ( |2.26|) gives 

(Yn)^ = {l[F[{vn-i,x-Cn-i)]) ^+P (/ [Fi"(i;„_i , u„, t;,; C^-i)] rfjf "'"^ (t;„, x) )^ . (3.76) 



We have already derived a bound on the first term, namely e ^ times (|3.44|) 
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For the second term of ( |3.76| ), we wish to employ Lemma p.5| . Because F[ is not increasing, due 
to its G-free condition, we first note that 



; Cn-i)) occurs on 

^ U {A',fe(^^n-l,Mn,^t'„_i,W^) occurs on Cn}. 



(3.77) 



Wn-lGC'n-1 



The event F[^{vn-i,Un,Wn-i,v'^) defined in ( |3.43D is an increasing event, and we can apply the 
cut-the-tail lemma to obtain 



Cn-l)] 



< 



1 - pMh, 



(3.78) 



"'n-lGC'n-l 



As a result. 



rVn-l 



Wn-l&Cn-l 



>X 



+ 



P 



1-pMi 



h,p 



Vn-l 



Ur 



Th,p{'"n,x). (3.79) 



Note that p{l — pM^^p)'^ < pc{l — Pc)^^ = 0(A). We use this and obtain a bound for f^^p{k) in 
terms of nested expectations. The resulting nested expectation can be bounded as has been done 
for 0*^")(/c) in Section p.2| , and the resulting diagrams are the same apart from a factor of Xh,p arising 
from the factor Th^piv^x) in (|3.79|) . Thus we obtain 



\rtlm < 0(A")e-'^("+i) + 0(A")e-'^"x^,p = 0(A")e-^'^ Xh, 



(3.80) 



The analysis is similar for -Rj^ p, J > 1- Here the level-j expectation is the probability of the event 



F2{vj, x; Cj-i) = {vj < — > X in lf\Cj-\ & Vj G}. By Lemmas and 
(/[F2(t;,x;A)]) < (/[F3(t;,x;A)]) + (/[F4(t;,x;A)]) 

= Y\miv.x-A)\)^P J2 (l[F;\v,u'y-,A)]T^^';'''^^\v',x) 



j=3,4'- {u',v') 

In order to bound the above terms, we introduce an auxiliary increasing event 

V X 

F^i^v, x,w) = [ {v < — > x) o (x < — > w) o (w < — > G) } 



(3.81) 



w G 



and note that 



F;,{v, X- A) U Fi{v, x;A)c [j F^{v, x, w). 



(3.82) 



(3.83) 
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Thus the first term of ( |3.81| ) can be bounded by 



V X 



w 



(3.84) 



For the second term, using an analogue of ( p.77|) to apply the cut-the-tail lemma, we bound the 
expectation in the second term of ( p.81|) by 



As a result, we have a bound 



1 - pMh,p 



J2P{F2{v,u',w))Th,p{v',x) 



(3.85) 



M, 



h,p 



3-1 



W 



pMh, 



w£Cj-i 



Th,p{Vj,x). 



(3.86) 



w 



The rest of the work is routine. We have nested expectations with the rightmost expectation bounded 
as above. We estimate the nested expectation from right to left as usual. The other expectations 
of Y]" are dealt with in the standard manner by using (|3.46| ), and we extract a factor from each 
expectation except for the rightmost one. Since one new vertex w has been added to the diagrams, 
the resulting diagrams can be bounded in terms of the triangle diagram, to give 



R'il{k)\ < 0(A^ e-^^)M,,p + 0{X^)e-^^Xh,pMh,p = 0(A^)e-'^^ {xh,p + l)M,,p. 



(3.87) 



□ 



3.4 Proof of Proposition completed 

In this section, we prove Proposition ^TI|. We fix p = pc throughout the section, and usually drop 
the corresponding subscript from the notation. We consider /i > 0, and continue to treat the 
nearest-neighbour and spread-out models simultaneously. 

In view of Lemmas |3.4| and |3.6|, we can take the limit ^ oo in the expansion (|3.4|) to obtain 



1 - ^h{k) 

where 

oo oo oo 

k{k) = Y^t\k), RH{k) = YRH{k), ^,{k) = Y^^-\k). (3.89) 

n=0 j=l n=0 

Note that the event F2(f„_i,a;; A) is empty when h = 0, and therefore RQp{k) = for all p and 
j. Hence, since Xo,pc = cxd, setting h = and = in (|3.88|) gives 

oo = (3.90) 
l-$o(0) 
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Since 0o(O) and $o(0) have been proven to be finite, we conclude that 

$0(0) = 1. (3.91) 

The proof of ( p.2|) proceeds by obtaining upper and lower bounds for each of the numerator and 
denominator of ( 3.88| ). The following lemma provides a first step in this direction. 

Lemma 3.7. For p = Pc, h > 0, and k G [— vr, vr]'^, 

Mk) + Rh{k) = l-Mh + 0{\)e-\xhMh + 1), (3.92) 
l-^h{k)=pSl [{1+0(A)}M;, + {1- A4 + 0(A)(M;, + e-2^)}[l-^(fc)]] . (3.93) 

Proof. We first prove (|X^). By and (jCTQ, 



2h 



n=0 



n=l 



By Lemma IP, | Y.7=iRh\k)\ < 0{X)e-^{xh + 1)M/,. Combining these gives (^^. 



By (ill 



By (CT ) and ( ^T^ , 



By (imp and (|;23 



l-<l>;,(fc)= <l>o(0) - <l>,.(0) + <l>;,(0) - <l>/,(fc) 



l'o(O) - <l/,(0) = Pe^^M^l + 0(A)). 



$,,(0) - ^H{k) = pSl [l-Mh + 0{X){Mh + e-^^)] [1 - b{k)]. 

Combining ( p.96| ) and (|3.97|) then gives ( |3.93|) . 

We handle the term in ( p.92| ) involving the product XhMh using the following lemma. 

Lemma 3.8. For p = pc, h > 0, 

XhMh = [1 + 0(A)](1 - M,) + 0(A) < 1 + 0(A). 
Proof. Putting = in Lemma ^.7| , and using ( p. 5] ), gives 

l-Mfe + 0(A)(xfeMfe + l) 
^'^^ ^ M,{1 + 0(A)} 

We multiply both sides by Mh and solve for XhMh, obtaining 

XhM,, = [1 + 0(A)](1 - M;,) + 0(A), 

as required. 



(3.94) 



(3.95) 

(3.96) 

(3.97) 
□ 



(3.98) 

(3.99) 

(3.100) 
□ 



Using Lemma p.8| , we can now obtain good bounds on the magnetization M^. 
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Lemma 3.9. For p = Pc and h > 0, 



and 



^<l-M!,<e-^ (3.101) 



^/Ksil-e-!^) <Mh< ^K^{l-e-^), (3.102) 
with and independent of A. 

Proof. For the upper bound of ( ^l01| ), we simply note that I - Mh = P{0 ^ G) < P{O^G) = 
e^^. The lower bound follows by first bounding 1 — Mh below by the probability that O^G and all 
bonds emanating from are vacant. This gives 1 — Mh > e~'^(l — Pc)^ > using ( p.5| ) in the last 
step. 

The second bound requires more work. We first consider h such that e"^ ^ this case, it 

follows from the upper bound of ( glOTD that i < M,, < 1, and (|3l02D follows trivially from that. 
We therefore restrict attention in what follows, without further mention, to h such that e~'^ G (|, 1)- 

By O 



dh 

This gives the differential inequalities 



= 2MhXh = 2(1 + 0(A))(1 - Mh) + 0(A). (3.103) 



rlM"^ 

ci - <—Jl<cs (3.104) 
an 



where ci, C2, C3 are constants of the form 2 + 0(A). 
We first integrate the upper bound, and find that 

Ml < csh. (3.105) 

Using this in the lower bound of ( |3.104|) , we obtain 

/--r dM? 

ci-C2^/^<-^. 3.106 
dh 

Integration then gives 

Ml>cih- -C2v^/i^/^ > ch, (3.107) 
3 

for some c > 0. The desired bounds then follow from the fact that h is bounded above and below 
by multiples of 1 — e~'*, for the range of h under consideration. □ 



We are now in a position to prove ( p.2| ), by applying Lemmas |3]^ and |3]^ to the estimates on the 
numerator and denominator of (p.88|) given in Lemma |3.7| . For the numerator, using ( p.lOlQ and 
the uniform bound (|3.98|) on XhMh, we obtain 

[(2e)-i + 0(A)] e-"" < M^) + Mk) < [1 + 0(A)]e-^ (3.108) 
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This is sufficient for our needs. 

Next, we derive an upper bound for the denominator, starting from (p.93|) . Using (p.5|) , (|3.101|) 
and ( p.l02| ), we have 



< [1 + 0(A)] Mh + {e-'' + Oi\)Mh}[l-D{k)] 



< [1 + 0(A)](v/i^4(l - e-^) + [1 - D{k)]). 
For the lower bound, it follows from ( p.93|) , ( p.5|) and ( |3.101|) that 

1 - Mk) > {1 + 0(A)} [m, + {{2e)~'e'^ + 0(A)M4[1 - b{k)] 

This implies 

1 - ^h{k) > const. 



[l-D{k)] + Vl-e' 



(3.109) 



(3.110) 



(3.111) 



with the constant independent of A, as follows. When e ^ G (|, 1), ( |3.111|) follows from the lower 
bound of ( p.l02| ). When G [0, |], (|3.110|) is bounded below by a constant since > |, and 
( pTTTTD then follows. 

Combining (|3108|) , (|3l09D and ( gTTl| ) then gives (jSj). 



3.5 Proof of the cut-the-tail lemma 

In this section, we prove Lemma p.5|. The proof makes use of the following result. 



Lemma 3.10. Let p G [0,Pc] and h >0 (assuming no infinite cluster for {h,p) = {0,Pc))- For an 
increasing event F , 



P{{F k, V G) occurs on 



1 



P{F occurs on C{v) kv^G). (3.112) 



Proof. To abbreviate the notation, we write F for {F occurs on C^'"''^^{v)} and C for C^^^^^ . We 
wish to bound the left side of ( |3.112D by replacing C{y) by C{v). To begin, we recall example (3) 
below Definition ^]2| and write the left side of ( |3.112|) as 



P(F & C{v) f^G = ^)= P{F & C{v) nG = ^) + P{F k C{v) n G = & C{v) n G ^ 0). (3.113) 
Since F d {F occurs on C{v)} for F increasing, 

P{F & C{v) n G = 0) < P(F occurs on C{y) & C{y) n G = 0). (3.114) 



In the second term on the right side of ( p.ll3|) , the event {G(f)nG7^0} can be replaced by 
the event {{u^v} is occupied & {u < — > G occurs in Z'^\G(f)}}. Hence we may apply Lemma p.4| to 
this term. After doing so, we bound P{u < — > G occurs in Z'^\G(f )) by Mh^p, to obtain 



P{F & C{v) n G = & Giv) n G ^ 0) < pMh,pP{F & C{v) n G = 0). 



(3.115) 
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Combining ( |3.113| )-( p.ll5| ), we have 



P(F & C{v) n G = 0) < P{F occurs on C{v) & C{v) n G = 0) + p Mh,p P{F & ^(i;) n G = 0). 

(3.116) 



Solving (|3.116| ) for P{F Sz C{v) H G = (/)) then gives the desired result. □ 



We are now able to prove the cut-the-tail lemma, which asserts that for increasing E, 

l[E occurs on C^^^''\A)]t^'1;'''^^\v,x)) <- p(E) r^^^iv, x). (3.117) 

/ i — pMh,p 



Proof of Lemma |3.5| . We first note that by Lemma |2.4| , the left side of ( |3.1171 ) can be written as 

P[E occurs on C{A) & {v < — > x kv^G) occurs in Z\C{A)). (3.118) 

When V < — > x occurs in Z"'\G(y4), this in particular means that G{A) ^ v, and thus G{A) r\G{v) = 
0. We can then rewrite ( |3.118| ) as 



P{E occurs on C{A) k {v < — > x k v ^ G) occurs in Z\C{A) k C{v) n C{A) = 0). (3.119) 

Because {v < — > x} and {v < — G} depend only on bonds/sites connected to v, and because 
C{v) C Z'^\C{A) when C{A) n C{v) = 0, the above is equal to 

P{E occurs on C{A) k {v < — > xkv ^ G) occurs in C{v) k C{v) n C{A) = 0). (3.120) 
Since E is increasing, and recalling Definition |2.2| (c), we have 

{E occurs on C{A) k C{v) n C{A) = 0} c occurs on Z'^\C{v)} = {E occurs in Z'^\C{v)}. 

(3.121) 



Recalling that "occurs in" and "occurs on" are the same for C, ( p.l20D is therefore bounded above 
by 

P((f < — > xkv ^-/-^ G) occurs on C{v) k E occurs in Z'^\C{v)). (3.122) 
Now by Lemma the above quantity is equal to 



\I[{v < — > xkv *^-f-^ G) occurs on C{v)] {I[E occurs in Z'^\C{v)])). (3.123) 
Finally, since E is increasing, this is bounded above by 

P{E)P{{y < — > xkv ^ G) occurs on C{v)). (3.124) 



The proof is completed by applying Lemma |3.1C to estimate the final factor on the right side, noting 



that "occurs on G(w)" can be replaced by "occurs in G(f)" after applying the lemma. □ 
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4 Refined /c-dependence using the two-M scheme 



In this section, we go part way to improving the bounds of Proposition ^]T| to the asymptotic 
statement of Theorem using the two-M scheme for the expansion. In Section [4.2| , we show that 
we can take M,N — cx) in ( 2.70|) , and prove existence of the limit lim/i|o ^/i,pc(^) of Theorem 1.1 . 
In Section [4 .31 , the numerator resulting from the limit M, ^ oo in (|2.7CI|) will be shown to be 
equal to 0o,pc(O) + + 0{k'^). In Section |^ , we will extract the leading fc^-dependence of the 
limiting denominator of ( p.70|) . This will prove ( |1.14|) . Extraction of the leading /i-dependence of 
the denominator will be postponed to Section ^. 

We begin by presenting some new methods for bounding diagrams, which will be required in 
both Sections | and ^. 



4.1 Diagrammatic methods 

In this section, we describe two methods for estimating diagrams. 

The first method involves an application of the dominated convergence theorem, in a manner 
that will be used repeatedly. We illustrate this method in the simplest example where it is useful. 

Example 4.1. For p < pc, consider the sum 

Pp((0 < — ^ x)o{x< — >y)o{y< — . 0) & < — > G). (4.1) 

Diagrammatically, the above event corresponds to a square with vertices at 0,x,y, and a fourth 
vertex from which a connection to G emerges. A naive estimate, which we do not want to use, would 
be to use BK to bound the above sum by the square diagram 1 + P^hliO) times the magnetization. 
This is a useless bound when p = Pc and d < 8, because the square diagram then diverges. Instead, 
we use the dominated covergence theorem, as follows. First, the above probability is bounded above 
by To,p^(0, x)to^p^{x, y)To^p^{y, 0), which is summable since the triangle diagram is finite in sufficiently 
high dimensions for the nearest-neighbour model and for sufficiently spread-out models for d > 6. 
On the other hand, the above probability is also bounded by Mh^p, which goes to zero as /i — > 0. It 
therefore follows from the dominated convergence theorem that 

lim V P„((0 < >x)o{x < > y) o {y < > 0) & < > G) = 0. (4.2) 

As was just pointed out in Example the square diagram is infinite at the critical point, for 
d < 8. However, there is a method for employing a square diagram for d > 6 when /i > 0, if at least 
one of the lines comprising the square corresponds to Th^p^{0,x). In this case, the square is finite for 
all c? > 6, with a controlled rate of divergence, for d < 8, as h ^ 0. The remainder of this section 
describes this observation in more detail, and sets the stage for its use in our later diagrammatic 
estimates. 

We begin with an elementary estimate for the integrals defined by 
with m,n > (not necessarily integers) and h> 0. 
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Lemma 4.2. Let m,n > 0. Ifd< 2n, then I^l{h) = oo for all h>0. As h^O, 

const. h 4 2n < d < 2{n + m) 
^mi(^) ~ ^ const.] log /i| rf = 2(n + m),m>0 (4.4) 
const. d>2{n + m). 

Proof. For d < 2n, lSn{h) > (vr^rf + ^/h)-"' d'^k A;-^" = oo. 

For d > 2{n + m), Im]n{h) < /m,li(0) = J^_^ d'^k k"'^''"-'^"^'' < oo, and by the monotone conver- 
gence theorem, hm/^^o -^m,n(^) = /m,l(0). 

For 2n < d < 2{n + m), or for d = 2{n + m) with m > 0, the integral diverges as /i — > and its 
asymptotic behaviour is given by that of the integral over \k\ < 1. Switching to polar coordinates, 
and writing uJd for the solid angle in ^-dimensions, this gives 

I^iih)-oJd dk ^ -/i 4 ' / rfr- ^ 4.5 

where we made the change of variables r = k'^h~^/'^. The integral is finite as /i — > if 2?7, < d < 
2(n-|-m), and it diverges logarithmically if d = 2{n + m) with m > 0. This completes the proof. □ 

We define the square diagram containing one G-free line, at p = Pci to be 

Sh = ^ Th,p,{0,w)To,pXw,x)To,pXx,y)To,pSy,0). (4.6) 



By the monotone convergence theorem, the Parseval relation, the upper bound of Proposition [O 
and the infra-red bound (11.90, 



Sh = lim Th,p^{0,w)To,p{w,x)To^p{x,y)To,p{y,0) 



= lim / ^f,,p,(fc)fo,p(fc)3<const./g(/i). (4.7) 

It then follows immediately from Lemma [4.2| that Sh < 0(/i*-'^~^''/^) for 6 < c/ < 8, that S/j < 
0(1 \ogh\) for = 8, and that S,, = 0(1) for d > 8. 
If we replace the basic quantity of Example ETI by 



J2 PpciO < — >xkO^ G)PpX{x < — >y)o{yi — . 0) & < — > G), (4.8) 



then the naive estimate rejected in Example [4.1| can be used to bound ([4.8|) above by ShMh^p^. Using 
the bounds mentioned above for Sh and the upper bound on the magnetization of Lemma ^ , we 
have 

hid~e)/4 (6 < < 8) 
ShMh < 0{h^^'^^), where h^^^^ = { h^''^\ \ogh\ \d = 8) (4.9) 

h'/^ {d>8). 
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We will obtain upper bounds similar to ( |4.8| ) by bounding a pair of nested expectations. The 
probability involving the connection to G will come from one expectation, and the probability 
involving the G-free connection will come from a second expectation. To produce a bound in terms 
of a probability of a G-free connection, we will use the generalization of the BK inequality given in 
the following lemma. 

Let E be an event specifying that finitely many pairs of sites are connected, possibly disjointly. 
In particular, E is increasing. We say that E occurs and is G-free if E occurs and the clusters of 
all the sites for which connections are specified in its definition do not intersect the random set G 
of green sites. The following lemma is a BK inequality for G-free connections, in which the upper 
bound retains a G-free condition on one part of the event only. 

Lemma 4.3. Let Ei,E2 be events of the above type. Then 

P{{Ei o E2) occurs and is G-free) < P{Ei occurs and is G-free) P{E2). (4-10) 

Proof. Given an event F, we denote by [F]n the event that F occurs in [— n, n]'^. It suffices to 
show that 

P{\{Ei o E2) occurs and is G-free]„) < P{\Ei occurs and is G-free]„) P([-E'2]n), (4-11) 

since ( [4.10| ) then follows by letting n 00. This finite volume argument is used to deal with the 
fact that the usual BK inequality Theorem 2.15] applies initially to events depending on only 



finitely many bonds. 

Given a bond-site configuration, we define G(G)„ to be the set of sites in [—n.,nY which are 
connected to the green set G. Conditioning on G(G)„, we have 

P{[{Ei o E2) occurs and is G-free]„) = ^ P(G(G)„ = 7 & [{Ei o E2) occurs and is G-free]^), 

(4.12) 

where the sum is taken over all subsets 7 of sites in [— n, n]*^. When G(G)„ = 7, bonds touching 
but not in 7 are vacant and we can replace the event [{Ei o E2) occurs and is G-freej^ by [{Ei o E2) 
occurs in Z'^\7]„. Thus we have 

P{[{Ei o E2) occurs and is G-free]„) = ^ P(G(G)„ = 7 & [{Ei o E2) occurs in Z'^\7]„). (4.13) 

7 

Since the event [Ei o E2 occurs in Z'^\7]„ depends only on bonds and sites in [—n^nf which do 
not touch 7, while the event G(G)„ = 7 depends only on bonds and sites which do touch 7, the 
probability factors to give 



P(G(G)„ = 7) P{[{Ei o E2) occurs in Z^7]„). (4.14) 



Now we can apply the usual BK inequality (in the reduced lattice consisting of bonds and sites in 
[— n, nY which do not touch 7) to the latter probability, to obtain an upper bound 

Y,P{C{G)n = 7) ^([^1 occurs in Z^7]„) P([E2 occurs in Z^7]„). (4.15) 
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Since E2 is increasing, this is bounded above, as required, by 



7 



P{C{G)n = 7) ^"([^1 occurs in Z^7]„) P{[E2] 



= P{[Ei occurs and is G-freejn) P{[E2]n)- 

(4.16) 
□ 

The two methods exemphfied by Example [4.1| and by use of Sh will be prominent in the diagram- 
matic estimates used in the remainder of this paper. The latter method gives error estimates and 
is therefore stronger than the former, which does not. However, when it does not affect our final 
result, we will sometimes use the dominated convergence method when stronger bounds in terms of 
S/j could also be obtained. We now illustrate the methods with two examples, in which the quantity 



-^e^'^-p, J^P^Yl (/K(0,uo,t;o)](/[Fi'(t'o,«i,^i;C'o)]rg^(t;i,x))i)o 



(4.17) 



will be bounded ai p = pc first using dominated convergence and then using S^. The term Ah{k) 
is a contribution to the Fourier transform sl^p^{k) of the n = 1 case of ( p.64|) , via Lemma |2.7| . We 
drop the subscripts Pc in the two examples. 

Example 4.4. We now illustrate the use of dominated convergence to conclude that Ah{k) = o/i(l). 
As a start, we take absolute values inside the sum over x to obtain a /c-independent upper bound. 
Step 1. The event F4 (wq, Mi, "Wi; C*o) is a subset of 



-^4(^0, Ml, ^^i; Cq) = F4(fo, Ml, vi; Co) occurs on Ci, 



(4.18) 



where F4 is the increasing event that there exist Wq G Cq and Wi G Ci such that there are disjoint 
connections vq < — > wi, wi < — > G, wi < — > ui, ui < — > wq, wq < — > G. Then we apply the cut-the-tail 
Lemma |3.5| to bound the inner expectation in ( [4.17|) by (1 — pcMh)~^P{F4)Th{vi, x). 
Step 2. Next, we bound P{F^ by the probability that there exists G Cq such that there are 
disjoint connections vq < — > Ui, Ui < — > wq, wq < — > G. Applying BK to bound this, and also to 
bound the outer expectation, this leads to an upper bound for |74/i(A;)| by 

Ml X 

[l + 0(A)]M,Xh J]o 



< [1 + 0(A)] [0^ ] [sup <0(A). (4.19) 



In the above, the factor 0(A) arises as in ( p.52|) , and we used Lemma p.8| to bound M^Xh- 



Step 3. Since the summand of (gA7\) is bounded above by {1 - PcMhy^P{Fi) < 0{M^) = 0{h), it 
goes to zero pointwise as /i — > 0. 

Step 4- By Steps 2 and 3 and the dominated convergence theorem, ( [4.17| ) is Oh{l)- 



Example 4.5. We now illustrate the use of Lemma [4.3| to conclude that Ah(k) = 0{h^^^^). 
Step 1. We first apply the cut-the-tail lemma as in Step 1 of Example ^4.4| . 

Step 2. We wish to extract a G-free line from the connections required by Eq, but there is a subtlety 
associated with the fact that Co is only required to be G-free on Cq. The following device will allow 
this to be handled. Let ( ■ ) denote the conditional expectation, under the condition that {uq, fo} is 
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vacant. By the definition of "occurs on C*" in Definition |2.2| (c), we can rewrite the nested expectation 
appearing in ( [4.17|) as 



{I[E',{0, uo, vo)] {I[F:{vo, wi, V,; Co)]t^Uv,, x))^j,. (4.20) 



Here, in particular, we have used the fact that C'q""'^°^(0) = Co(0) when {u,v} is vacant. We apply 
the BK inequality to estimate P{F^, this time extracting all the disjoint connections. As a result, 
|y4/i(/i;)| can now be bounded by 

^ ^'c ^ Pc 5Z (^[^o(0>«o,Wo)]^[wo G Co])ro(t;o,w;i)ro(wi,Mi)ro(Mi,«;o)M^r;,(fi,x). 

^'^ ^ Zjioojtfi {uo,vo) {ui,vi) 

(4.21) 

Step 3. The remaining conditional expectation involves disjoint connections < — > uo, < — > w, 
w < — > Uq, w < — > Wq, all G-free, for some w. Lemma ^]3| can be used to bound this conditional 
expectation by tq{0, uo)tq{0, w)to{w, Uq) times {I[w < — > Wq, w <— 7^ G]) , using a slight generalization 
of Lemma |^7^ to conditional probabilities, and the fact that (J[a < — > b]) < ro(a, 6). Now, for any 
event E, 

P{E) > P{E & {u, v} is vacant) = (1 - Pc) {I[E]j . (4.22) 
This leads to an upper bound for (^4.17|) by 0{xhMl) times the diagram 

•— 







(4.23) 



where thick lines represent tq and the dotted line represents r^. This diagram is bounded above by 
the triangle times Sh, leading to an overall bound 0{xhMlSh) = 0{h^^'^^), which is stronger than 
the bound obtained in Example 



4.2 The two-M scheme to infinite order 



In this section, we fix p = pc and drop subscripts Pc from the notation. The bounds of Lemma |4€ 
below, together with the estimates for 4'h^\k) and ^^j^\k) obtained in Section ^ imply that we can 
take the limit M, — > 00 in (|2.7CI| ), obtaining 



fkik) 



Mk)+Uk) + Uh{k) + Sh{k) 



^h{k)~'^h{k) 



(4.24) 



On the right side, we introduced 0h(A;) = Xl^o ^h{k) 



00 ^{n,m) 




Absolute convergence of the sums is guaranteed by Lemma [4.6| . 

Moreover, it follows from Lemma |4.6| that C,h{k), Uh{k), Sh{k) and r.h{k) vanish in the limit 
h I 0. Since limhio (ph{k) = 4>o{k) and \imhio^h{k) = ^o{k) by ( p.32| )- (|3.35| ). Lemma |3^ and the 
dominated convergence theorem, it follows that 



\imf h,pSk) = - 



0o,Pc(fe) 



(4.25) 
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This proves existence of the hmit stated in Theorem pT 



In addition, Lemma will provide some of the estimates to be used in the asymptotic analysis 
of the numerator and denominator of ( |4.24| ). 

Lemma 4.6. For h > 0, p = p^, k & [— vr, ttY, and for all n,m > 0, 



X X 

5^|4"''"^(0,x)| <0(A"+™) 

X 



EE 



u. 



{n,m) 



(0,x) 



(4.26) 
(4.27) 
(4.28) 
(4.29) 



Proof. Each of the the above quantities is given in ( |2.60| )-( [2.66| ) by a nested expectation in which 
one of the expectations involves the factor W or W" defined in (|2.53| )- (|2.55|) , or a factor of F4. In 
bounding them, we take absolute values and bound the difference in W or W" using the triangle 
inequality. The absolute values are taken inside the sum over x defining the Fourier transform, using 



Ak-x I 



< 1. This gives bounds uniform in k. 



Our general strategy is the same as that in Section |^, which is to bound nested expectations 
from right to left, and then decompose the resulting diagram having lines ro,p^ or Th^p^ into triangles 
and squares. In the following, we comment on the special features relevant for each quantity. 



Bounds on and s|f 

.(n,0) 



These two terms are almost the same, and we discuss only 



(n,m) 



We begin with ^ , which is bounded by 

^t'\0,x) < EoI[E'^]E^Y;' ■ ■ ■ E„_ir:_iE„(/[(F^)„] + /[(F^^n]), 



(4.30) 



where {Fj)n denotes the event Fj on level-n. The rightmost expectation can be bounded using BK 
by 



{imu+imn])n< J2 



Vn-1 X 



Wn-1 
Vn-1 X 



G 



Vn-l 



Vn-1 



G Wn-l 



(4.31) 



Wn-l Wn-l 

The other expectations involve Yj' and have already been bounded by ( |3.46| ). The overall result 



is diagrams which are either given by the diagrams that bound (j)h{k) in Section 3^, but with an 
additional vertex added in the penultimate loop, or by the diagrams that arose in bounding Rh{k) 
in Section p.3| . These diagrams all have critical dimension 6 (see ( |A.5| )) and are 0(A"). 

The bounds on ^^^'"^^ for m > 1 are similar. We estimate expectations from right to left, as 
usual. The estimate of the expectation at level-(?T, + 1) introduces a factor I[wn G Cn], and we wish 
to bound 



{{W")J[wn e Cn])n < (/[F3 occurs ou Cn&^Wne C^] + I[Fl^ occurs on & w;„ e Cn])n- (4.32) 
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This is bounded by 

Vn -l U n Wn 

E 



1i)n-l£C„-l 



+ 1 



Wn-1 

Wr, 



G 



+ 1 



Vn-l Un 



Wr. 



G 



Vn-l Ur 



+ 1 



G 



+ 1 



Wn-l ^ Wn Wn~l 

Vn-l Wn^ Vn-l Wn^ Vn-l Wn 



G 



r 



+1 



G 




+ 1 



G 



, (4.33) 



Wn-l Un 

which is bounded using BK by 

Vn-l Un 



M. 5: { 



Wn-l Un 



Vn-l Ur 



Wn-l Ur 



Wn-l Un 



Vn-l Wr 



w)„-iGC„_i Wn-l 
Vn-l 



+ 



Wr. 
W„ 



Wn-l 
Vn-l 



Wn 
Wr 



Wn-l U 
Vn-l 



+ 



Wn Vn -l . W n ^ 

r ^ X } 



+ A + k + k j- (4.34) 

Wn-l Un Wn-l Un Wn-l Un Wn-l Ur 

In the above, we used the fact that v'^_i <^=^ Un through Cn-i, so that we can choose Wn-i on either 
side of the two disjoint paths connecting and m„. Combined with the bound ( p.46|) on Y'', the 



result can be seen to be bounded by diagrams with critical dimension 6. Bounding these diagrams 
in terms of triangles yields 

(4.35) 



Bound on 

except that uf^'"^'^ contains W" rather than Y" in one internal expectation. The bounds proceed 



The term m^"'™''' is almost the same as the term rj^"""* bounded in Section 



exactly as in the proof of Lemma p.6| , except that ( [4.34| ) is used for the level-n expectation. The 
bound on the level-n expectation introduces an additional vertex, compared to the bound on r["\ 
which raises the critical dimension to 6. This leads to 



(4.36) 



We bound S^^^ in the manner illustrated for the case n 



0(1) of Lemma ^ 

1 in Example [4.5| . In 
1) expectation. The result is 



where in the last step we used the bound XhMh 
Bound on S] 

this method, a G-free line is extracted from the level- (n 

\sP{k)\<0{X'')0{h^^''^). (4.37) 

Since Example |4.5| involved the extraction of a G-free line from the level-0 expectation, we now 
describe in more detail how the corresponding step is performed for the level- (n — 1) expectation, 
when n > 1. When n > 1, after bounding expectations at levels n and higher, the level-(n — 1) 
expectation is given by 

(r:_i/K_i e Cn-i])^_, = {K^ii[wn-i e 

= {I[FI, & W.n-1 G Cn-l SzCn-inG 



< 



Vn-l 



W. 



n-l 



Vn-2 



Wn-l. 



T u 



I[Cn-l nG = 0]/K-l G Cn-l 



(4.38) 



Wn-2 Un-l 



Wn-2 



U 



n—1 



n-l 
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using the conditional expectation introduced in Example |4.5| . Using Lemma [4.3| to bound the above 
by corresponding diagrams, this gives 



Vn~2 



1 



Wn-1 Vn-2_ 
+ 



I[Wn-l E Cn-l], (4.39) 



Wn-2 Un-1 



Wn-2 Un-1 



where the thick solid lines represent r^^, and the dotted lines represent Th^p^, both in the condi- 
tional expectation with {M„_i,f„_i} vacant. The conditional expectation can then be handled as in 
Example ^.5|. An example of a typical diagram arising in bounding S^^^ is 





G 



(4.40) 



The resulting bound is 



0(A")0(/i^('')). 



(4.41) 



Bound on U, 



(n,m) 



This bound is the most involved one. By definition, U^'^'^ contains one W" at 



level-n and one F2 at level-(n + m). The bounds ([4.34 ) on W" and (|3.86|) on F2 each introduce an 



additional vertex, and when combined, give rise to a diagram with critical dimension 8. For some 
of the diagrams, we can use the method of Example but for others we are unable to extract a 
G-free line to compensate for a subdiagram with critical dimension 8 and we must resort instead to 
the dominated convergence method of Example [4.4| . 

We first consider the case m > 2, for which there is at least one expectation of Y-' occuring 
between the level-n expectation of W" and the level- (n + m) expectation of F2. This allows us to 
use the bound ( [4. 391) on involving one G-free line, for one of the expectations between levels-n 
and {n + m). The resulting diagrams can be bounded in terms of Sh and n + m — 1 triangles, with 
each triangle contributing 0(A). A typical diagram contributing in this case is 



(4.42) 



G 



This gives the bound 



(n,m) , 



{k) < 0{r+'^-^)ShMlxh < 0(A'^+'"-^)0(/i^('^)) (m > 2). 



(4.43) 



Next, we consider the case m = 1, in which W" and F2 appear in the two innermost expectations. 
For the innermost expectation of F2, we use ( ^.8(j| ) (with the shift j ^ n -|- 1 in indices). To bound 



W" on level-n, we use ( [4.33|) , and give two separate arguments, one for the first and sixth terms on 
the right side of ( [4. 33] ), and one for the second through fifth terms. 

The contributions from the second through fifth terms of ( [4.33| ) can be handled using the bound 
( |4.39D to estimate The resulting diagrams can be bounded above by Sh and n triangles, yielding 
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an overall bound by 0(A"S/iM|xft) = 0(A")0(/i'^*^°'^). However, this method does not apply to the 



first and sixth terms of ([4.33|) , because it leads to diagrams in which a square sub diagram arises 
from the innermost expectation in such a way that we cannot extract a G-free line to produce Sh- 
An example is the diagram 




(4.44) 



G 



For these remaining two cases, we use the dominated convergence theorem. As an upper bound, 
we neglect the connection to G required by W", to obtain 



(first and sixth terms of (|4.33| )) < | 



Vn-l Un 



Vn-1 



«)„_iGC„_i 



+ 



Wn-1 W„ 



r } 



(4.45) 



Wn-l Un 



This leads to diagrams with critical dimension 6, which are 0{X"'). However, each term with fixed 
a; is a huge sum over various vertices and pivotal bonds. Having fixed all of them, the summand, 
being a nested expectation of an indicator function, and having a connection to G, is bounded above 
by Mfi. In particular, it goes to zero pointwise as —>■ 0. Hence, by the dominated convergence 
theorem, the sum over n of these contributions is bounded by XhMhOh{l) = Oh{l)- 
Combining the above yields the bound 



(4.46) 



This completes the proof of Lemma |4^ . 



□ 



4.3 Asymptotic behaviour of the numerator 



Fix p = pc- We now apply the bounds of Lemma ^]6| to prove that the numerator of ( [4.24| ) is given 
by 



Mk) + Uk) + Uh{k) + Sh{k) = 0o(O) + 0,(1) + 0{k''). 



(4.47) 



The constant 0o(O) is equal to 1 + 0(A), by ( p.9|) and Lemma pl4 



Summation of (|]^)-(|]^ over m,n, together with { W^ , gives \ih{k) + Uh{k) + S{k)\ < 0^,(1). 
To prove ( [4.47] ), it therefore suffices to show that 



Mk) = M^) + o{h}'^) + o{k-'). 

For this, we make the decomposition 

4(fc) = 0o(o) - Uo(o) - 4(0)1 - k(o) - M^) 



(4.48) 



(4.49) 



The second term of ( |4.49| ) is 0{Mh), by ( p.9| ) and the analogue of ( p.22| ) for 0,(0). The third term 
is 0(fc2), by (pD and (p^). This proves i WA7\) . 
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4.4 /c-dependence of the denominator 

Fix p = pc- Since $o(0) = 1 by ( p.91| ), the denominator of ( |4.24|) can be written as 
1 - <I>^(A;) - S^(A;) = [$,(0) - Mk)] + \^h{0) - Ef,{k)] + [<lo(0) - ^.(O) - 2,(0) 



(4.50) 



The last term is independent of k and will be treated in Section ^ using the second expansion. In 
this section, we prove that 



Ok{l)h 



1/2 



-VlM0)^ + Ok{l)k^ + Oh{l)e. 



(4.51) 
(4.52) 



This shows that the second term in ( [4.50| ) is an error term, and extracts the leading /c^-dependence 
of the first term. The constant — V^$o(0) of ( [4.52|) was seen to be finite and positive in (|3.69| ). 

Proof of ( [4.51| ). By the triangle inequality. 



h-'/'\E,{0) - Mk)\ < E E E h-'^'0r\x)\ |1 - cos(fc 



X] 



(4.53) 



n=l m=0 X 



It was shown in Lemma |4.6| that h ^^'^ |s|j"'™'''(a;)| < 0(A"^™'). Thus the right side is summable, 
uniformly in h and k. On the other hand, the summand on the right side goes to zero as — > 0. 

□ 



The dominated convergence theorem then gives ( 4.51| ). 
Proof of ( [4.52| ). We begin with the decomposition 

$,(0) - $,(A;) = [<lo(0) - <lo(A;)l - f[$o(0) - $o(A;)] - [$^(0) - <l,(^)] 



The first term on the right side can be written as 



$0(0) - <l'o(A;) = -Vfc$o(0)— + fc^ E "^0(0' ^)^"' ( ^ ' 



X] 



ik ■ x) 



(4.54) 



(4.55) 



since the first term and the contribution to the second term from —{k. ■ x)^/2 cancel by symmetry. 
The summand of the second term is bounded uniformly in A; by a summable function of since 
k-^\\-co^{k-x)-\{k-xf\ < 0{x^) and J2x^^M0,^)\ < oo by (^)- (|338|) . Since - cos(A; • 
* pointwise in x as A; — 0, the second term of ( [4. 55] ) is Ok{l)k'^ by the dominated 



x) 



convergence theorem. Therefore 



fc2 



$0(0) - $o(A;) = -Vfc$o(0)— + ou{l)k\ 
The absolute value of the second term on the right side of ( [4.54| ) is bounded above by 



(4.56) 



El{'^'o(0,a;)-$;,(0,a:)}(l-cos(A;- 



x))\ < 



2d 



X n=0 



EEl^l' ■ (4.57) 
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By ( |3.34| )-( |3.35| ), the summand on the right side goes to zero pointwise as h ^ 0, and it is bounded by 



\x 



^'$[,"''(0, x)!, which is summable in x,n by (|3.67|) - (|3.68|) . It therefore follows from the dominated 



convergence theorem that 



[<lo(0)-<l'o(A:)]-[<i'/.(0)-<l,(A;)] 



(4.58) 



Equation ( |4.52| ) then follows from ( [4.58| ) and ( [4.56| ). □ 
Equation ( |1.14| ) of Theorem is now an immediate consequence of (|4.25|) , (^4.48|) and ( |4.52D , 
with equal to 0o(O)[--^V^$o(O)]-^ 

5 The second expansion and refined /i-dependence 



We will now complete the proof of Theorem LI, by establishing (|1.12|) . We fix p = pc, and drop 
subscripts pc from the notation. We assume without further mention that d ^ 6 for the nearest- 
neighbour model, and that d > 6 and L ^ 1 for the spread-out model. 



5.1 The refined /i-dependence 

It aheady follows from and that 

M0)+Oh{l) + O{e) 



fh{k) 



-^V|<lo(0)A;2[l + ofe(l) + o,(l)] + Ofc(l)/ii/2 + [$o(o) - $,(0) - 2,(0)] 
It therefore suffices to show that 

$0(0) - ^h{0) - = h^'^[K + o;,(l)], 

for some positive constant K. Equation (|1.12| ) then follows, with 



C = 2'/'K-%{0), = -lv^<lo(0)23/2ir-\ 



(5.1) 



(5.2) 



(5.3) 



These are positive constants, since 0o(O) = 1 + 0(A) as explained below ( [4.48| ), and — V^<l>o(0) is 
positive by ( p.69|) . These values for C and D"^ are consistent with the identification of CD^^ at the 
end of Section 

Equation (|5.2|) will be a consequence of the following two propositions. 
Proposition 5.1. There is a positive constant Ki, with Ki = 1 + 0(A), such that for h > 0, 



(5.4) 



Proposition 5.2. There is a constant K2, with \K2\ < 0(A), such that for h > 0, 

-S,(0) = [K2 + 0Hil)]Mf,. 



(5.5) 
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Proof of { f).2\ j assuming Propositions |5.1| and |5.2| . The two propositions imply tliat 



$o(0) - $/.(0) - Eh{0) 



[Ki + Ou{l)] Xu du + [K2 + Oh{l)] Mh = [K, + K2 + Oh{l)] Mh. (5.6) 



To prove (p.2p, it therefore suffices to show that Mh = [const. + Oh{l)] h^^"^. To see this, we note that 
by dp), (113) and (pOj), 



Xh = fh{0) 



0o(O) + o,(l) 



[K, + K2 + 0H{l)]Mh 



Therefore 



dh 



2Mf, Xh = 20o(O)(i^i + + Oh{l), 



and hence, by integrating and then taking the square root, we have the desired result 

M, = [(20o(O))^/'(Ki + K^r'/' + oh{1W/'. 
The constant K of ( |5.2| ) is therefore given by 

and (p.2|) is proved. 



(5.7) 



(5.8) 



(5.9) 



(5.10) 
□ 

The proofs of Propositions and |5.2| are similar, and both involve the use of a second expansion. 
Before discussing the second expansion for the derivative of $/i(0) in detail, we begin by considering 
the leading contribution. 



5.2 Leading behaviour of the /i-derivative of $/i(0) 



By definition, $h(0, x) = YlJLo ^h\^y with the j^^ term in the sum given by ( |2.36| ). The leading 
behaviour of $/t(0, x) is given by the j = term 



4°)(0,t;o)=Pc J2 {nEo{0,uo,vo)]). 



(5.11) 



By definition, 

-A.{I[E'^{0,uo,vo)]) = (|C(0)|/[0 ^ ..ole-'^'^^")'^ ^(/[O ^ y t ^ uo t ^ G]), 

y 

(5.12) 

where we are using the notation introduced in Example [4.5| in which (■) denotes expectation con- 
ditional on {uo,vo} being vacant. We may now proceed to derive an expansion for the connection 
< — > y, as in the argument leading up to ( ^^.391 ). 
For this, we introduce 



L[,(0,Mo,ao) = ^o(0,Mo) n {0 ^ ao} 
L[)'(0, Mo, ao, bo) = Lq{0, uq, ao) occurs on C'^""'''o^(0). 



(5.13) 
(5.14) 
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As in ( p.l4| ), the right side of ( p.l2| ) can be seen to be given by 



Y,{nL'oiO,uo,y)])+Y.Pc J2 {nL'oiO,uo,aoM)]rt''''''^'\bo,y)): (5.15) 
y y (a-ofio) 

Initially, the restricted two-point function in the second term should be with respect to the condi- 
tional expectation (■) rather than the usual expectation. However, there is no difference between 
the two expectations here, since uq G C^"'°'''°^{0) when Lq{0, uq, oq, bo) occurs. Now we proceed as in 
the derivation of the one-M scheme of the expansion. The result is 

- ^ ^^H^ (0, vo) =ui'\o,vo) + {0,vo)xk + 4°^ (0, t;o) , (5.16) 

where 

oo 

ul^\o,vo) = Y,Pc {nL'oiO,uo,y)]) + Y,Y.^-l)%nL'^^iZ'; ■■■Ee-iZl,EeZ',, (5.17) 

y uo€vo-fi y 1=1 

oo 

(0,^o)=5Zpc a[4(0,wo,y)]K$^5^(-l)'Eo/[4']EiZr--E,_iZ;'_iE,Z;', (5.18) 

y uo^vo-n y e=i 

oo 

£(°)(0,t;o) =5Z5Z(-l)'"'Eo/[L;1ElZ^■■E,_lZ;_,E,/[F2(6,_l,y;(7,_l)], (5.19) 

y 

with 

Z[ = I[F[{he-i, C.^i)], Zl = I[F['{h-u ae, bf, Ce-i)] (5.20) 

and sums with factors pc tacitly understood as in the first expansion. The bounds on these terms are 
the same as for the first expansion, except that now there is an additional summed vertex uq on the 
diagrammatic loop corresponding to the leftmost expectation. The diagrams in the first expansion, 
occuring for or have critical dimension 6 after adding an additional vertex. As we will discuss 
more generally in Section p.4| , the methods of Sections |^ and [4.1| then justify our having already 
taken the expansion to infinite order in ( p.l6|) , and imply that U^' {0) and V^°^(0) are 0(1) and that 



the error term ^^'^''(0) is lower order than Xh- Therefore 

-J^<^>r(0) = [Vr(0) + o.(l)]x.. (5.21) 

5.3 Differentiation of l>/j(0) 

In general, when is given by a (A^+l)-fold nested expectation, the result of the differentiation 

will not be as simple as it was for the case = 0. By the product rule, the differentiation of a 
nested expectation will give rise to a sum of terms with one of the nested expectations differentiated 
in each term. Typically, we are differentiating the n^^ expectation in an expression of the form 

l>f ^(0) = (-1)^Eo/[^;1EiF;^--E„_iF;_iE„F;E„+iF;+iE„+2KV2 •••Eivl^T^^. (5.22) 
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Figure 2: Schematic diagram of the choice of cutting bond. Sohd hues represent C^, dashed hues 
Cn-i, and bold dashed hues represent Bn+i- 

Writing out the /i-dependence of the n}^ expectation exphcitly, and, for later convenience, switching 
to the conditional expectation of Example for the n^^ and {n ± 1)*^* expectations, gives 



*r(0) = {-lfEoI[Ei;]E,Yl' ■■■E^_,Y:^_,KX:.^,e-'^''-^ (5.23) 

The effect of applying — to the factor e^'^''""' is simply to multiply by |C„|, and this new factor 
can be represented by Xlj/ez^-^t^/ ^ ^«]- '^^^ expression is otherwise unchanged. It is just as easy 
to work with y fixed, rather than summed, and so we postpone the summation over y until the last 
step. Diagrammatically, the connection to y presents the usual diagrams for <IJf^(0), with a new 
line joining the diagram to y. If that line were independent of the rest of the diagram, we could 
factor the expectation to obtain a diagram of ^\^\o) with an additional vertex a', multiplied by 
Th{a',y), and summed over a'. Since the diagrams with additional vertex have critical dimension 6, 
summing over y would yield the desired result const. x/i for the derivative, with the constant O(A^). 
Of course, this presumed independence is not actually present, and we must perform an expansion 
in order to factor out the two-point function. This is the role of the second expansion. We will 



perform the second expansion using the one-M scheme of Section ^ 
The result will be of the form 

-J^CHO) =Wr(0) + Vr(0)x. + 4"^(0). (5.24) 

Each of the three terms on the right side will turn out to involve a factor O(A^), to allow the sum 
over to be performed. It will also turn out that ujf^\o) and V^^''(0) are bounded uniformly in h, 
and that ^^^''(0) diverges more slowly than Xh- 

The first step in the second expansion is the identification of a suitable pivotal bond at which 
to sever the connection to y. We begin by applying Fubini's theorem to interchange the n**^ and 
[n + iy*' (bond/site) expectations, and regard the clusters Cn±i as being fixed. The occurrence of the 
events (-F/)/ on levels / = n — 1, n, n + 1 enforces a compatibility between C„ and C„±i, in the sense 
that certain connections are required to occur for C„. These connections are depicted schematically 
in Figure We omit any discussion of the easier special cases where it is the expectation at level-0 
or N that is differentiated. 
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We recall the definition of the backbone of a cluster C„+i connecting t>„ to m„+i, namely the set 
of all sites x for which there are disjoint connections x < — > f„ and x < — > Un+i- We denote this 
backbone as i3(C„+i) = Bn+i- We also recall the existence of an ordering of the pivotal bonds for the 
connection from a site to a set of sites, as defined in Definition |2]l|(d). The cutting bond is defined 
to be the last pivotal bond (a', a) for the connection y — > {t>„_i,M„} U Bn+i- It is possible that no 
such pivotal bond exists, and in that case, no expansion is required. 

In choosing the cutting bond, we require it to be pivotal for {f „_i, Un} to preserve (on the a side 
of the cluster C„) the backbone structure of the cluster C„ which is required by F[{vn-i, Un, C„_i)„. 
Also, we require the cutting bond to be pivotal for Bn+i to ensure that we do not cut off as a tail 
something which may be needed to ensure that, as required by F[{vn,Un+i', C„)„+i, the last sausage 
of Cn+i is connected through 

Having chosen the cutting bond, we now begin to set the scene for the expansion. This re- 
quires an examination of the overall conditions present in the level-n expectation. In addition to 
Cn-i)n itself, there are conditions arising from Fl[vn,Un+i', Cn)n+i- The latter event can 
be decomposed as 

F[{Vn, Un+i; C„)„+i = Fo{Vn, Un+l)n+l H ifcut (^n+l )n, (5.25) 

where 

FoiVn, M„+l)„+l = {Vn < ^ ^n+l ^ G} (5.26) 

-f^cut('B„+i)„ =|c„ intersects such that the level-(n + 1) connections satisfy 

(t;^+i through C„) & (f„ < — ^ u^^^ in l.\Cy^, (5.27) 

with (u^+i, f^+i) the last pivotal bond for the level-(n + 1) connnection from t>„ to required 
by (-Fi)„+i. (If there is no such pivotal bond, the requirements in ( ^.27|) are replaced by f„ <^==^ 



through C„). Our task now is to rewrite the overall level-n condition F[{ 
Hcut{Bn+i)n n {y G Cn}n i^to a form suitable for generating the expansion. 

Recall the definition of C^^^^'^A) given in Definition We define several events, as in Sec- 
tion |2]^. These events depend on y, f„_i, m„, C„_i, Bn+i, but to simplify the notation we make only 
the ^/-dependence explicit in the notation. Let 

Hl{y)n = {y < > Vn-l} n F[{Vn~l,Un; Cn-l)n H HcntiBn+l)n, (5.28) 

H[{y)^ = Hi{y)„. D {y ^ {vn^uu^} U B^+i} , (5.29) 
H"{a, a')n = {H[{a)n occurs on C'^'^'>(K_i,n„}Ui3„+i)}, (5.30) 

Hi{a, a', y)n = Hi{y)n fl {{a , a) is the last occupied pivotal bond for y — >• {vn-i, Un} U Bn+i} ■ 

(5.31) 

Then the overall level-n event Hi{y)n is the disjoint union 

H^{y\, = H[{y)r,[j([j H,{a,a\y)X (5.32) 

^(a,a') ^ 



In ( |5.32| ), configurations in Hi{y)n have been classified according to the last pivotal bond (a', a). 



The appearance of H[ corresponds to the possibility that there is no such pivotal bond, and in this 
case, no expansion will be required. 
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For the configurations in which there is a pivotal bond, we will use the following important 
lemma. 

Lemma 5.3. The events Hi{a, a' ,y)n and H'{{a,a')n obey 

H^{a,a\y)n =H'l{a,a\ n {(y a' & y ^ G) occurs in Z^C'^'^'>({t;„_i, ^4 U Bn+i)] 

n {{a, a'} is occupied} . (5.33) 

Before proving the lemma, we note that together with ( p.32| ) and Lemma it implies the 
identity 

mMn])\ = $^(/[i^^'(a,ao„]r5'"''«---->"^-^V^l/))n• (5.34) 

(a,a') 

This will be the point of departure for the second expansion. Initially, the restricted two-point 
function appearing in the above equation should be with respect to the conditional, rather than the 
usual expectation. However, there is no difference between the two. To see this, note that the event 
that a' < — > y in Z'^\C'i°'° \{vn-i,Un} U Bn+i) is independent of the bond {un,Vn}, since this bond 
touches the set Cn'^'"' \{vn-i, u„} Ui3„_|_i). Therefore either expectation can be used for the restricted 
two-point function, and for simplicity, we will use the ordinary unconditional expectation. 



Proof of Lemma |5.3| . To abbreviate the notation, we write A = {vn-i,Un} U Bn+i, and define 

Fpiv = {(a', a) is pivotal for y — > A}. (5.35) 

By definition of Hi{a,a',y)n, 

Hi{a,a ,y)n = {{a, a'} is occupied } fl Hi{y)n H {a <^=^ A} fl Fp^. (5.36) 

We introduce the events 

J^i = {a < — > Vn-i}n n {a A}^ n F[{ (5.37) 

J'2 = {y^a'ky^G}^, (5.38) 



and claim that 



Hi{a,a',y)n = {J^i occurs on C^'^'^'^A)} n {J^2 occurs in Z^\C^''''''^A)} 
n {{a, a'} is occupied } fl Fpi^. 



(5.39) 



Assuming the claim. Lemma |2]^ can then be employed to rewrite the last event in the above, to 
give 

Hi{a,a ,y)n = {{^i & a < — > A) occurs on C^"''^'\A)^ fl {{a, a'} is occupied } 

n { ( & y < — > a) occurs in Z'^\C^^''''\A) } . (5.40) 

In view of the definitions of jFi and JF2, this implies the desired identity ( |5.33| ). 
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It remains to prove ( p. 391 ). Combining ( p.36| ) and ( |5.28| ), we have 

Hi{a, a', y)n = {{a, a'} is occupied } n {y < > v^-i} n u„; C„_i)„ 

n{a^A}n Fpi,. (5.41) 

To see that this can be written in the form ( p.39| ), we will analyze the various events in the above 
expression. 

We begin with {y < — > and note that 

{y < — > ^n-i} n Fpi, (5.42) 
= {y ^ — ^ ct'} l~l (^'} is occupied } H {a < — > t>„_i occurs on 

In fact, the right side is clearly contained in the left side. Conversely, for a configuration on the 
left side, since G A, the bond (a', a) must also be pivotal for y < — > Vn-i, and this im- 

plies that {y < — > a'}, that {a', a} is occupied, and that a < — > v occurs on {vn-i). Since 

C^'^'""' (vn-i) C C^^'^^'^A), this implies {a < — > occurs on ^{"'"'^(A)}. This^proves ( p^ . 
Now, by Lemma |2.5| , Fpiv is the intersection of the events {y < — > a' occurs in 

^d\^{a,a'}(^)| and 

{a < — A occurs on C^""'"" ^(^4)}, and hence it follows from ( |5.42| ) that 

{y < — > Vn-i} n Fpiv = {{a, a'} is occupied } fl {a < — > Vn-i occurs on (7'^"'° ^{A)} 

n{y< — >a' in Z'^\C'^"'°'>(A)}. (5.43) 

Next we prove that 

n Fpiv n {y < — > v„-i} n {{a, a'} is occupied } 
= |Fi'(t;„_i,n„;C„_i) occurs on ^^"'^(A)} n |y ^ G in Z^C'^"'>(A)} 
n{y< — >a' in Z'^\C'^°''^'^(A)} n {a <- Vn-i occurs on 

n {{a, a'} is occupied } . (5.44) 

As a first observation, we note that by (|5.43| ), the second last line in the above can be replaced by 
{y < — > Vn-i} n -Fpiv, and we will interpret the right side in this way. To prove ( |5.44| ), we begin by 
supposing we have a configuration in the left side. To show that it is in the right side, it suffices 
to show that the first two events on the right side must then occur. By the G-free condition in F[, 
together with the fact that y E C{vn-i), it follows that {vn-i 7^ G occurs on C^"-'^ H^)} that 
{y ^~7^ G in 'L'^\cji"''°' \ A)}. As for the bond connections required by F[, these are conditions on the 
backbone Bn, which are independent of bonds not touching C^°''"''^{A) since Fpi^ occurs. Thus these 
connections must occur on C^"-'^ ^i^)^ and we have shown that the left side of (|5.44| ) is contained in 
the right side. Conversely, given a configuration on the right side, we need to show that F{ occurs. 
The necessary bond connections again occur since Fpi^ occurs. To see that, in addition, Vn-i G, 

we note that when {y < — > fn-i} n Fpiv occurs, Cn (vn-i) = Ct'^'^a) U Cn°'"'-^(a'), where the union 
is disjoint. But for a configuration on the right side of ( |5.44| ), the two clusters forming this disjoint 
union must be G-free. This completes the proof of (|5.44|) . 
Turning now to Hcut{Bn+i)n, we claim that 

C'^y}(^)|nFpiv. (5.45) 
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In fact, if the left side occurs, then the right side occurs because Fpi^ requires (a', a) to be pivotal 
for y's connection to Bn+i and hence all C„'s connections to Bn+i are independent of bonds not 
touching C^°-'°- ^{A). Conversely, the right side is contained in the left side for the same reason. 
Finally, we claim that 

{a <^==^ A} n Fpiv = {a <^=^ A occurs on C^-^-'}{A)}nFpi,. (5.46) 

In fact, because {a <^==^ A} is increasing, the right side is contained in the left side. Conversely, for 
a configuration on the left side, it must be the case that {a <^==^ A occurs on C^°-'°- ^(a)}, and since 
C^^'^'^a) C C^^'^^'^A), the right side occurs. 

The event Hi{a,a' ,y)n is the intersection of the events occurring on the left sides of ( |5.44 ), 
( [5.45| ) and ( p.46| ). Therefore it is the intersection of the events occurring on the right sides of these 
equations. A rearrangement of these right side events then gives (|5.39| ) and completes the proof. □ 

We are now in a position to obtain the identity ( p.24| ), starting from ( |5.34D and using the one-M 
scheme. With N and n fixed, the first step is to rewrite in (|5.34|) using (|2.19|) . The result is 

{I[H,iyU)l = {I[H[iyU^ + p, J2 (/[//('K, &o)n]); r,(6o, 1/) 

-PcYl (/[i^i(ao,&o)n](/[i^i(&o,2/;C'^'^«>(K_i,wJUi3„+i)))(„,i)>; 

+ p, J2 (/[^r(ao,Mn](/[i^2(&o,2/;C'^'''»>({t;„_i,n„}US„+i)))(„,i)>'„. (5.47) 

We further expand the term containing Fi using ( |2.31|) , leaving the term containing F2 as it 

is. Let q^.o) = Ci^'^'^Hivn-uUrr] U Bn+i). Foi J > 1, let C^r^,J) = cl^^J^^^b^.i) , Z[^^^^ = 

I[Fl{bj.i,y; Anj-i)]' and Z[^^.^ = I[F{'{bj.i, aj, bj; C^n,j-i)]- 
The first iteration can be written schematically as 

((i/l)„); = ((//On); + m)^)n r - ((i/nn((Fl)(n,l))(n,l)>; + ((i^r)n((F2)(n,l))(n,l)>, 

= + {{H'lUn rh - ((i/r)n(^(„,i))(n,i)>; - ((i/nn(^(;,i))(n,i)>; r 

+ ((^Dn (^(Ll)((^l)(n,2))(n,2)>(„^y^ 
+ ((ifnn((F2)(n,l))(n,l)>;-((i/nn(^(n,l)((i^2)(n,2))(n,2)>(„^^^ (5.48) 

and we continue expanding the term containing Fi, to infinite order. The expansion to infinite order 
will be justified by the diagrammatic estimates of the next section. This leads to an identity that 
can be abbreviated as 

= 4"H0) + 4")(0)x. + 4"H0), (5.49) 
where the first and second terms respectively comprise the terms with innermost expectation involv- 
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ing Z' and Z", and the last term comprises those involving ¥2- Explicitly, 

00 

'•^"^(0) = Y.^-y)'vt'\% = E„(i/nnE(„,i)Z(l,,) ■ ■■E^n,e)Z';^,e) (5-50) 



00 



(5.51) 



and "uji^^O) is defined as in (|5.5CI|) with Z'^,^^^ replacing Z'^^^y and H[ replacing for i = 0. In the 



term, only the leftmost expectation occurs. 
Defining 

Vf'"'^)(0) = Eo/[E^,']EiF/' ■■•E„_ir;_,E„+i/[(Fo)„+i]E„4"'^ (5.52) 
this gives ( |5.24| ) with 

N 00 

Vr(0) = EE(-l)'^^f'"'H0) (5-53) 

n=0 ^=0 

and analogous expressions for wi^^(O) and Si^\o). The right side of {^I^ requires special inter- 
pretation for the terms n = 0,N. 

5.4 Proof of Proposition |5.1| 

Proposition follows from ( ^.24|) and the following lemma. Section |5.4| is devoted to proving the 
lemma. The constant Ki of Proposition |5.1| is given by Ki = Vo(0), where Vo(0) appears in the 



lemma. 

Lemma 5.4. The senes4(0) = E^=o^r(0), M^) = E^=o ^^(0), andShiO) = E^=o4'^^(0) 
converge absolutely. Moreover, Uh{0) = 0(1), Sh{0) = Oh{l)xh, and 

Vh{0) = Vo(0) + 0^,(1), Vo(0) = 1 + 0(A). (5.54) 

Proof. The analysis of W/j(0) is almost identical to that of V/i(0), so we discuss only V/i(0) and 
Sh{0)- The proof consists of obtaining suitable diagrammatic estimates on v[^'"'^''(0) and ^^^'""'^^(0) 
(see ( [5.52D ). Roughly speaking, the bounds will involve horizontal "ladder" diagrams like those 
encountered in the bounds on ^h{k), with an additional vertical ladder resulting from the nested 
expectation of vl^'^\o) or e|^"'^^(0). We will estimate these diagrams with the help of the power 
counting methodology of Appendix ^. 

We first consider the case £ = 0, and then move on to £ > 1. Finally, we will prove (|5.54|) . 

The case i = 

There is no contribution to 8l^\o) arising from £ = 0, so we are concerned here with V^^-'(O). Our 
goal is a diagrammatic estimate for 

vf-"'0)(0) =Eo/[^^lEir;' ■■■E„_iF^_iE„+i/[(Fo)„+i]E„(//nnE„^ (5.55) 
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Figure 3: (a,b) Examples of diagrams arising from case (i). (c,d) An example of the diagrammatic 
bound of case (ii). Thick lines represent level-n connections and thin lines represent levels-(n ± 1). 

(We omit any discussion of the special cases n = 0, N, which can be handled similarly.) This estimate 
will involve a modification of the diagrams used to estimate $/i(0), obtained by "growing" a vertical 
diagram from the horizontal diagrams encountered in bounding $/i(0). 

We first note that, by ( |5.25| ) and ( |5.28| )- (|5.30|) , the intersection (-Fo)„+i fl {H'-[)n is a subset of 



; Cn-l)n,b n F[(Vn, Un+l', Cn)n+l,b, (5.56) 

where the subscripts b denote bond events with site conditions relaxed. Thus the bond connections 
that gave rise to the diagrammatic estimates on $h(^) in Section |3]^, due to {F[)n,b and {F[)n+i,b, 
remain present after differentiation. The event 

{ao < — > Vn-i} n {ao <^=^ {^^n-l, Un} U Bn+l} (5.57) 

provides additional connections that can be bounded using the BK inequality. In fact, (|5.57| ) implies 
the existence of either (i) two disjoint level-n paths ao < — {f„_i,M„}, or (ii) disjoint level-n paths 
ao < — > {vn-i,Un} and ao < — > Bn+i- We now consider the diagrammatic implications of these two 
cases. 

In case (i), the two connections implied by ao <^==^ {vn-i, Un} are added to the connections due to 
(-^i')n,fe that arise in the diagrams bounding this part of ^h{k). This can be bounded, using the BK 
inequality, by adding two lines to the lines appearing already in the diagrammatic estimate for this 
part of ^h{k) (the "old" lines), with the lines going from a to two new vertices, say c and d. Thus 
the resulting new diagrams are obtained by performing construction 1 followed by construction 2 of 
Section |A.2| to the old diagrams. Examples of this construction are given in Figure ^ (a-b). 



In case (ii), we add disjoint connections ao < — > {vn-i,Un} and ao < — ^ Bn+i- We need only 
consider the case where the second of these paths is disjoint from the paths extracted from the 
event {F[)n, because otherwise the situation reduces to case (i). For the path resulting from ao < — *■ 
{vn-i,Un}, we add a new vertex c on an existing level-n line of the $ diagram, and then connect 
this vertex c and ao with a new line. This takes care of the level-n connection, and the situation 
is depicted in Figure ^ (c). For the second path, we must have a path from ao to some point d in 
Bn+i- We now have to ask how this d is connected, via level- (n + 1) connections, to the rest of a 
level-(n -|- 1) diagram of ^h{k). For this purpose, we recall that Bn+i is the set of all points which 
are on a path from t>„ to m„+i. As an upper bound, we just require d <^=^ {vnjUn+i}, which brings 
us back to the situation of case (i). Thus there are sites e, / on the level-(n + 1) lines, with lines 
from d to each of these sites. This is depicted in Figure |^ (d). The net result is an application of 
construction 1 (at e) followed by two applications of construction 2. 
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(a) f 



W„-l 



ihL-w„ 



level-(w-7) 



y Un-l 



level-M 



Ih 



Vn+1 



level-(n+7) 



(b) 



Figure 4: (a) The combinations producing the central diagram remaining after decomposition, (b) 
An example of a combination in (a), (c) Construction of the diagram in (b) via application of 
construction 2 to the bubble. 



In summary, the resulting diagrams can be obtained by applying construction 1, followed by one 
or two applications of construction 2, to the diagrams used previously to bound ^h{k), with the 
construction applied either at level-n or on levels-n and n + 1. Now we bound these diagrams, in 
several steps. 

We begin by decomposing the diagrams as in Section p.2| , both from the side of level-0 and 
level- iV. These estimates produce triangles, with corresponding factors of A. The decomposition 
from level-0 stops at level- (n — 2), and that from level- stops at level- (n -|- 2), with levels n — 1, 
n and n + 1 remaining to be handled. A diagram corresponding to these levels will be open at 
its two ends, with a supremum over the displacement corresponding to the opening. This can be 
bounded above by the diagram obtained by closing the two ends and by closing the small openings 
corresponding to pivotal bonds. The possible results, before application of constructions 1 and 2, are 
depicted in Figure |^ (a), with the dashed lines representing the lines which are "moved" to close the 
diagram as an upper bound. There are eight possible combinations in all, with an example depicted 
in Figure || (b). 

For the nearest-neighbour model in sufficiently high dimensions, we may employ squares, pen- 
tagons, etc. in our estimates, and it is not difficult to see that the diagrams obtained after applying 
constructions 1 and 2 are all 0(1). We therefore restrict attention now to the spread-out model. It 
can be checked that each of the eight diagrams can be obtained by applying construction 2 to the 
bubble, as depicted in Figure § (c). By Lemma |A.3| , for c/ > 6, each of these diagrams therefore has 
infrared degree at least that of the bubble diagram, which has deg^^ = d — 4. Thus, by ( |A.14| ), the 
diagrams applied by a subsequent application of constructions 1 and 2 will have deg^^ > d — 6 > 0. 
By Theorem |A.1| , these diagrams are therefore convergent and 0(1). 

In conclusion, we obtain the bound 



vf'"'°)(0)|<min{O(l),O(A--^)}. 



N-3\ 



The case C. > 1 

We now consider the case 



> 1, and obtain the bounds 



(5.58) 



Vf '"''H0)| < min{0(l),0(A^^+^-^)} 



{N,n,e.) 



< min{0(l), 0(A^+^-^)}o,(l)x.. (5.59) 
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(b) 
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\\- 



C,, or S„ + ; 



Figure 5: (a) The connections arising from level- (ra, 1) in V^^'"'^''(0). (b) The connections arising 



from level- 



in £ 



(Ar,n,l) 



(0). 



This is sufficient to prove Lemma |5]J, apart from (|5.54| ) which we will prove later. The quantities on 
the left side of ( p.59| ) will be bounded in terms of diagrams like those encountered above for £ = 0, 
but with further growth in the "vertical" direction. For V, this vertical growth arises from additional 
expectations of F", whereas for the expectation at level-(?T,, ^) is F!^. These modifications to the 
£ = diagrams do not depend on levels to n — 2 or on levels n + 2 to A^, and the expectations 
corresponding to these levels can be bounded by triangles as before to give rise to a factor A^~^ 
multiplied by a diagram with two ends closed as in the example shown in Figure |^ (b). Our task 
now is to understand the structure of this remaining diagram, with its vertical growth, and to bound 
it appropriately. We begin by considering the case £ = 1 of ( |5.59|) . 



First, we consider V^^'"''^^(0). In view of ( |5.47| )-( ^.48D , this requires estimation of 



(/[ifr(ao,&o)n](/[i^i"(&o,Z/;C'^'^«>(K_i,w„}Ui3„+i)))(„,i)>; 



(5.60) 



In a similar fashion to the case £ = already treated, the iff leads to application of constructions 1 
and 2 applied to the <l>/t( A;) -diagram reduced as in Figure § (b). This construction gives an infrared 
degree deg^^ > c? — 6 > 0, as before. However, there are now additional new connections arising 
from F[ in the level- (n, 1) expectation. These connections are as depicted in Figure |^ (a). They 
correspond to construction 3, which does not lower the infrared degree. It is not difficult to see that 
( |5.60|) is 0(1) for the nearest-neighbour model in sufficiently high dimensions. For the spread-out 
model, it is also 0(1), by power counting. This gives to an overall bound of order min{l, A^~^} for 



{Ar,n,l) 
h 



(0). 



Consider now 4'^'"''^(0), for which F2 occurs on level-(?T,, 1). We first remove triangles as above. 



V, 



obtaining a factor of order min{l, A^~^}. We then apply the cut-the-tail Lemma |3.5| in the usual way, 
extracting a factor Xh- The tail and remaining connections due to F2 are depicted in Figure |] (b). A 
factor Mh arises from the connection to G, and the three remaining lines due to F2 can be estimated 
by a factor of the triangle diagram. The remaining diagram is obtained from a diagram from the 
£ = case by addition of a vertex on one of the lines corresponding to level-n or level- (n + 1). For 
the nearest-neighbour model in sufficiently high dimensions, we may employ the square and larger 
diagrams and conclude an overall bound here of 0{l)MhXh = 0(1). However, as we now explain, 
the spread-out model in dimensions d > Q requires more care. 

Arguing as in Example |4.5| , using Lemma [4.3| we may choose any one of the diagrammatic lines 
arising in any expectation other than level- (n, 1) to be G-free. We may therefore regard the additional 



vertex mentioned in the previous paragraph as residing on a massive line, with /i 



Xh 



Thus this 



extra vertex at worst reduces deg^ by 2 to — 8 (according to Lemma [A. 3] ), but does not change 



deg . Hence the diagram is convergent for > 0, and by Theorem [A.2|, its rate of divergence as 
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h is bounded above by ®|log/i|'^) = '^''^^1 logX/i|^)Xfe = Oh{l)xh, consistent with 

Now we turn to the case i > 2, beginning with V^^'"''^'*(0). Again we bound the expectations 
corresponding to levels-0 to n — 2 and n + 2 to by triangles, and close up the ends of the resulting 
diagram. Each expectation from levels- (n, 1) to {n, i) corresponds diagrammatically to construction 2 
applied to the diagrams encountered for the case £ = 0, and does not decrease the infrared degree. 
We may estimate each of these expectations with a triangle (each providing a factor A), leaving 
a bounded diagram. This gives the desired bound for V^^'"'^^(0). For ^^^'"'^^(0), we combine the 
method used for V^^'"'^'*(0) with that employed for ^^^'"'^■'(0). 

Proof of i ^M ) 

First we consider — Vq. As we have seen, diagrams contributing to Vh(0) are finite. As in (|3.59D, 



the difference gives rise to a connection to G. This is bounded pointwise by M^, and hence the 
dominated convergence theorem can be applied to conclude that Vh{0) — Vo(0) = o/i(l). 

Finally, we argue that Vo(0) = 1 + 0(A). Consider first the nearest-neighbour model. Using 
the square and higher diagrams if necessary, we can bound n£^h^'"'^\^) terms 
except N = n = i = 0. This can be seen from the fact that these terms all include at least one 
expectation having a pivotal bond, and the occurrence of a pivotal bond implies a bound 0(A). The 
remaining term is the first term of (|5.18|) . In that term, the contribution due to Mq = is readily 



seen to be 1 + 0(A), while the contribution due to 7^ is 0(A). This gives the desired result for 
the nearest-neighbour model. 

For the spread-out model, we argue similarly. However, in this case there are contributions from 
diagrams that we are unable to bound using a factor of the triangle that is clearly 0(A). We have 
used power counting, previously, to bound these contributions by 0(1). To improve these bounds to 
0(A), we appeal to dominated convergence via the following argument (similar to Lemma 5.9]). 
First we observe that by ||T6| , (5.36)], if 7^ then limj;^^oo 1 ~ ^{k) = 1. It follows that the limit 
of any convergent diagram containing summation over a pivotal bond {u,v} is the corresponding 
integral of e*^'(^-")^ integrated over [— vr, tt]*^. This integral is zero. Since all the diagrams that were 
bounded using power counting do contain such a pivotal bond, we obtain the desired bound 0(A). 

□ 



5.5 Differentiation of S/i(0) 

In this section, we discuss the second expansion used in the proof of Proposition ^.2| . Our analysis of 
S/i(0) has much in common with the above analysis of $/i(0), but there are also important differences. 
For $/i(0), we used the fact that all connections involved in the definition of $^(0) were G-free to 
show that its derivative gave rise to a "tail" corresponding, after a second expansion to cut off the 
tail, to a factor of Xh- Integration of this factor of Xh then gave rise to the appearing in ( p.6| ). 
For S/i(0), on the other hand, there is a connection to G explicitly demanded in the expectation 
containing W. Although this easily gives rise to a bound involving M^, we need to extract a factor 
of the magnetization in an asymptotic relation. We do not have an expansion that can be used to 
"cut off" a factor of Mh, so we will differentiate in this expectation to convert this connection to G 
to a G-free tail. This tail can then be cut off, as a factor of the susceptibility, by means of a second 
expansion. 
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Vn-1 




V„-l 




Fs'(v„-j, u„ ;C„^j) 



Figure 6: Schematic depiction of QlyQl^QiyQl- Crosshatched regions represent C„_i and dotted 
lines represent possible but not mandatory connections in C(f„_i). 



By the fundamental theorem of calculus, sj^"'™"^ (0) can be written as 
>(0) = 



n(n,m) / 



X '^n+l,hYn+l^n+2,hYn+2 ' ' ' '^n+m,hYn- 



- n+mi 



(5.61) 



where subscripts indicate the value of the magnetic field for each expectation. The factor W^^ 
involves the events and Fg, which require a connection to G, while the factors Yj involve only 
G-free connections. 

To understand the derivative here, we introduce the clusters Q2 (j = 3, 5) depicted in Figure ||. 
Explicitly, these are defined in conjunction with the occurrence of the event F'-{vn-i,Un',Cn-i)i as 
follows: 



Ql 



Qi 
Ql 



{y G last sausage of C(f„_i) : £^ y}, 
C{vn-i)\Ql 



C 

{y e C(t;„_i)\[last sausage of C{vn-i)] : fn-i y} 



Ql = GK_i)\g^. 

The M-dependence of and F^ is then given by 

e-"IQil(i-e-"l«2l) (j = 3,5). 

Its derivative is 

-|Qi|e-"l«'l (1 - e-"l«2l) + |Q^2|e-"(l«il+l«2l). 



(5.62) 



(5.63) 



The second term will turn out to be the main term, for both j = 3, 5. The first term will give rise to 



error terms that can be handled more easily, using bounds which we defer to Section |5.6| . We divide 
these contributions as 



A(ri,m) 



(0) 



(5.64) 
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1 

y 



Figure 7: Schematic depiction of the choice of cutting bond for F3. Sohd hues represent C„, dashed 
hues Cn-i, and bold dashed lines represent Bn+i- Pivotal bonds in the last sausage are numbered 1 
to 8. In this example, the cutting bond is bond 4. 



where 7WiT^(0) comprises the main terms due to the second term of (|5.63|) , and contains 



the terms corresponding to the first term of (|5.63| ). In the remainder of this section, we consider 
only A^^"4™'^(0), because this is the term for which we apply a second expansion. 



We first discuss the contribution to arising from the j = 3 case of (|5.63|) . The result 

of the differentiation is u-dependence of the form which corresponds to the cluster C„ being entirely 
G-free. We write the prefactor \QW as Yly^ly ^ ^2]- go^^ to use a second expansion to cut 
off the connection to as in Section |5.3|. 



As in Section |5.3| , the first step is the identification of a suitable pivotal bond at which to 
sever the connection to y. Again we apply Fubini's theorem to interchange the n"^ and (n + 1)*^* 
(bond/site) expectations, and regard the clusters Cn±i as being fixed. The occurrence of the events 
/ = n± 1 and the event {F^)n enforces a compatibility between C„ and C„±i, in the sense that 
certain connections are required to occur for C„. These connections are depicted schematically in 
Figure 0. In particular, the site y is in the last sausage for Vn-i — > Un, and is connected to Vn-i 
and Un through C„_i, since y G Q^. 

To define the cutting bond, we let V{y) be the set of occupied pivotal bonds for y Un, and 
given b e Vi^y), we let 6+ be the endpoint of b such that m„ G (7^(6+). We define the following two 
subsets of V{y): 

'Pn+iiu) = {b E V{y) : 6 is an occupied pivotal for y — > i3„,+i}, 
Vn-M = {beViy):b+^Un}. 

In Figure ^, Vn+i{y) = {1,2,3,4}, while Vn-i{y) = {1,2,3,4,5,6,7}. The cutting bond is then 
defined to be the last element of Vn-i{y) H Vn+iiy), in the direction y Un- In the example of 
Figure ^ the cutting bond is bond 4. It is possible that no such pivotal bond exists, and in that 
case, no expansion will be required. 



The reason for the above choice for the cutting bond is as in Section 5.3. We require the cutting 



bond to be pivotal for Bn+i to ensure that we do not cut off as a tail something which may be needed 
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to insure the intersection/avoidance properties between C„ and imposed by {FQn and (-F^)„_|_i. 
We also want to maintain the connections through C„_i on the last sausage of C„, and our choice 
does preserve these connections. This is analogous to the first expansion, where we cut at the first 
pivotal bond after the condition v < — > x has been satisfied. 

Having chosen the cutting bond, we next examine the overall conditions present in the level-n 
expectation. In addition to F^{vn-i,Un] Cn-i)n itself, there are conditions arising from the event 



F{{vn,Un+i', Cn)n+i- Recalling the definitions in Section Ol, the latter event can be decomposed as 



F[{Vn, Un+l, Cn)n+1 = Fo{Vn, U„+l)„+l H Hcut{}3n+l)n- (5.65) 

Our task now is to rewrite the overall level-ra condition Fi^fj{vn-i,Un;Cn-i)n H {fn-i < — G}n H 
Hcut{Bn+i)n^{y £ Qiln ^ form Suitable for generating the expansion. Here, Fg ^(fn-i, Un'i Cn-i)n 
denotes the intersection of {vn-i < — > Un} with the event that the last sausage of — > Un is 
connected to Cn~i- 

As in Section we define the events: 



H3{y)n= {y e Ql] n f;,,,{ ', Cn-l)n n {Vn-1 G}n fl Hcut{Bn+l)n, (5.66) 

H'Mn = H^{y)n n {Vn-M H Vn+M = 0} , (5.67) 

Hl{a,a%={H'^{a\^ occurs on C'^'^'}({t;„„i, U i3„,+i)}, (5.68) 
^^3(0, a', y)n = H'i{y)n H {(a', a) is the last occupied pivotal bond in Vn-iiy) H Vn+i{y)} ■ (5.69) 

Classifying configurations in if3(?/)„ according to the last pivotal bond (a, a') (if there is one) yields 
the disjoint union 

H,{y)n = H',{y\[j([j H,{a,a\y)X (5.70) 

^(a,a') ^ 

For H!^{y)n, no second expansion is required. For the configurations in which there is a pivotal bond, 
we will use the following lemma. 

Lemma 5.5. The events H^{a,a' ,y)n and H^{a,a')n obey 

H^{a,a',y)n=H!^{a,a%, n [{y ^ a' L y ^ G) occurs in Z^(7^'^'>(K_i, ^4 U Bn+i)} 

n {{a, a'} is occupied} . (5-71) 



We omit the proof of Lemma ^.5| , since it proceeds in the same way as the proof of Lemma | 
However, there is one respect which is somewhat different. Unlike the analysis for Hi{y), for it 
is not possible to write the "no pivotal" condition as {y <^==^ C„_i U Bn+i}- It is true that every 
configuration in obeys {y <^=^ C„_i U Bn+i}, but the converse is not true. For example, in 
the configuration of Figure |^, the true cutting bond is bond 4, even though {y <^=^ C„_i U Bn+i} 
occurs already after bond 2. But this difference from the situation in Lemma is a minor one, 
and because our choice of the cutting bond imposes no C„_i-related conditions on the a'-side of the 
connection y < — > a', the analysis can proceed as before. 

Now we note that together with ( p.70| ) and Lemma |2.4| , Lemma |5.5| implies the identity 



{imyWn = m^{y)n])\+PcY.^I[m{a,a%]r2-''^^^ (5.72) 

(a,a') 
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As in ( [5 .341 ), the restricted two-point function in ( |5.72| ) is with respect to the ordinary unconditional 
expectation. The identity (|5.72| ) is exactly analogous to ( |5.34| ), and the second expansion can be 
derived for ( |5.61| ) using the one-M scheme, exactly as was done in Section f).3[ A minor difference 
here is that the level-ra expectation has magnetic field u. As a result, the expansion for the level-n 
expectation is (|5.48|) with all the Hi replaced by H3, and with all the expectations of levels-(n, m) 



having magnetic field u. Then we substitute this result back into ( |5.61| ). The result of the expansion 
will be given below, after we consider the case of F5. 

We now consider the main contribution to the F5 case, which arises from the j = 5 case of the 
seond term of (|5.63|) . The choice of cutting bond is defined in exactly the same way as it was for 
the case of -F3, and the second expansion proceeds in the same way. We define events as in 
( ^.66|) -( p.68D , with F3 and {y & Q2} in ( ^-661) respectively replaced by Fg and {y G Q^}- This leads, 
as above, to the identity 



a, a 



,M„}uz?„+i)/ / 



y))n- 



(5.73) 



(a,a') 



The second expansion then proceeds as usual, via the one-M scheme. We perform the second 
expansion to infinite order, as will be justified by the bounds of the next section. 
To summarize, the second expansion yields a result of the form 



(5.74) 



The terms on the right side are sums of doubly nested expectations, with the second nesting occurring 
at level n of the original nested expectation defining E^f^'"^\o). The term ^^"^'"^(O) contains the terms 
in which the innermost expectation in the second nesting carries a single prime, and is analogous 
to U of (|5.24|) . The term Ti.^f^^\o) contains the terms in which the innermost expectation in the 

second nesting carries a double prime, and is analogous to V of ( |5.24|) . The term T^jj"!^'"'' (0) contains 



the terms in which the innermost expectation in the second nesting involves F2, and is analogous to 
S of (|5.24|). Each of these three quantities can be written as a sum over £, where i is the number of 



expectations nested within the n expectation. 



5.6 Proof of Proposition |5.2 



Lemma 5.6. Let u G [0,/.]. The serws ^,,„(0) = En,^^! , 7^,,.(0) = E:^=i ^Jr^(O), 

"^^(0) = Zl^m=i^iT'^(0)' and Afh,u{0) = Zl^m=i (0) converge absolutely. Moreover, 
GhAO) = 0(1), 7^/,,„(oj = Ohil)Xu, AAO) = Ohil)Xu, and 



HhA^) = 7io,o(0) + Oh{l), HoA^) = 0(A). 
Combining (|5.64|) , (|5.74] ) , and Lemma |5.6| , we have 



2.(0) 



du [noAo)xu + Oh{i)xu) = [noA^) + Oh{i))Mh. 



(5.75) 



(5.76) 



This gives Proposition [5.2| with with K2 = —'Hofl{0). 
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Figure 8: The truncated diagrams contributing to H due to (a) F3 and (b) F5. 



Proof of Lemma |5.6| . The bounds on G'j^^\o) are similar to those on 7tI|^"^™-*(0), and will not be 
discussed further. Also, the arguments required for the nearest-neighbour and spread-out models 
are slightly different, as in the proof of Lemma [5.4| and for simplicity we restrict attention in what 



follows to the spread-out model. 

Before beginning the proof in earnest, we examine the diagrams used to bound s|^"'™''(0) in more 
detail. These differ from the diagrams of ^^j^^^\o) only at levels n — l,n,n + 1. When performing 
diagrammatic estimates, the other expectations can be bounded using triangles. These triangles 
give rise to a factor min{l, A"^™^^}. Recalling ( [4.33| )- (|4.34| ) and Figure ^ (a), we are left with the 
truncated diagrams depicted schematically in Figure |^. The factor A"+™~^ controls the sums over 
n, m, and it suffices to obtain an appropriate bound on the truncated diagram, modified to take into 
account the diagrammatic changes arising in A/", 7i, TZ. 

It is helpful to examine the infrared degree of divergence of the diagrams of Figure ^ Consider 
first the diagrams of Figure | (a) with the line terminating at G and the vertex at b (for the first 
diagram) or Wn-i (for the second and third diagrams) omitted, and those of Figure |^ (b) with the 
line terminating at G and the vertex at b omitted. We call these the amputated truncated diagrams. 
As in Figure | (c), it can be seen that the infrared degree of divergence of the amputated truncated 
diagrams is at least d — A. If we then restore the vertex at Wn-i or b to an amputated truncated 
diagram, this is construction 1 and hence the resulting diagram has infrared degree at least ci — 6, 
by Lemma A. 3 . 

We divide the proof of Lemma ^.6| into several parts. First, we consider the error term M . We 
then consider the £ = contribution to Ti. Then we move on to the contributions of £ > 1 to 7i 
and TZ. Finally, we prove ( ^.75|) . Our discussion will be brief at points where it does not differ 



substantially from the proof of Lemma 
Bounds on M 

The error term A^ is generated by the first term of ( ^.63 ), which involves adding a connection to 
?/ G Qi or ?/ G Qi, and then summing over y. 

Consider first the case of an added connection to y E Q\. If we ignore the connection to G in an 
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Figure 9: Original configurations for H (F3 case), and new connections required for oq. 



upper bound, this corresponds to adding a vertex at level-n to a truncated amputated diagram, witfi 
a line emanating to y. We can use tlie cut-tlie-tail Lemma |375| to extract a factor of Xu-, multiplied by 
a diagram with infrared degree d — Q. (This also involves an application of construction 2, which does 
not decrease the infrared degree.) However, if we recall that this diagram actually has a connection 
to G, we can use the dominated convergence theorem to obtain an overall bound OhiXiXu- The sum 
over m, n can then be performed, thanks to the factor \^+^-^ mentioned previously. 

Now consider the case of an added connection to y E Q\. In this case, the connection to G 
plays an essential role in maintaining diagram connectivity, and it cannot be ignored. However, we 
can use Lemma |3.5| to produce a factor Xui we can extract a factor M„ from the connection to G, 
and by employing a G-free line from the expectation at level- — 1) or level- (ra + 1) we can bound 
the remaining diagram by an analysis similar to that used to bound ^^^'"'^''(0) in Section |5.4| . The 
overall result is a bound XuMuh^'^~^^^^ < Oh{l)Xu- 

The case i = 

We now bound the diagrams contributing to the lowest order {£ = 0) contributions to TC, i.e., 

EoI[E'^] E,Y;' ■ ■ ■ E„„iK_i E„+i/[(Fo)„+i] MH'X E„+2K+2 • " • E„+„^K'+^, (5.77) 



where j = 3 or j = 5. The discussion parallels the corresponding part of the proof of Lemma 
The diagram is truncated as described above, and we bound the modification of the amputated 
truncated diagram which takes into account the additional connections implied by H'J. We will 
argue that these connections arise from application of construction 1 followed by constructions 2 
or 3. Thus the infrared degree of divergence is reduced from at least c? — 4 to at worst d — 6, by 
( |A.13|) -( |A.14| ), and hence the diagrams are 0(1). 

Consider first the case j = 3. In addition to the bond connections required by F^{vn-i, Un, G„_i), 
we add connections due to G Ql and Vn-i{cio) nPn+i(ao) = 0. The site oq is located in the place 
of G of Figure || (a). By definition, it is either the case that P„_i(ao) C Vn+i{cio) or Vn+i{cto) C 
P„_i(ao). Thus we need only consider the two cases (i) Vn-i{ao) = and (ii) 'Pn+i('^o) = 0- 

We first consider case (i). This is depicted in Figure ^ (a). The extra required (disjoint) connec- 
tions are < — > Wn-i and oq < — ^ b. Here 6 is a new vertex, while Wn-i was existing. Thus this is 
an application of construction 2, which does not reduce the infrared degree. (A similar construction 
can be applied in the case where the connection to Wn emerges from the sausage containing w„_i.) 

We next consider case (ii). There are several geometries to consider, three of which are depicted 
in Figure]^ (b-d). In (b) and (c), there are additional disjoint paths from an existing vertex b in the 
S-diagram to (in (b), we take b = Wn-i) and from ao to a new vertex c G Bn+i- We may then 
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Figure 10: Original configurations for S (F5 case), and new connections required for qq. 



argue as we did in the proof of Lemma ^.4| that c is then connected to existing diagram hues from 
level-(n + 1) in such a way that the overall additional lines are of the form of construction 3. The 
geometry of Figure ^ (d), in which the connection to m„ emerges from the sausage of a^, deserves 
special comment. In this case, we may neglect any additional connection to Bn+i beyond that already 
present due to the connection from 6 to The new lines to be added are those from b to and 
from oq to d (new), which is an application of construction 2. 

Next, we move on to the case j = 5 in ( |5.77| ), which involves Q2 shown schematically in Figure]^. 
Four of the relevant geometries are depicted in Figure |10[ In (a), the new connections link qq to d 
(existing) and to c (new), which is construction 2. In (b), the new connections link oq to Wn-i 
and ao to d (new), which is construction 3. In (c), the new connections link oq to c (existing) and 
Oq to d (new), which is construction 3. Finally, in (d), the new connections link Oq to c (existing) 
and Oq to d (new), which is construction 2. None of these constructions decrease the infrared degree 
from its original value of d — 6, so the diagrams are 0(1). 

The case i>l 

This case is bounded exactly as was done in the proof of Lemma ^.4| . Note that we require massive 
lines to estimate TZ, but after differentiation the level-n expectation becomes G-free and the massive 
lines can be obtained as before. One new ingredient here is that we have two magnetic fields h and 
u, but the simple inequalities u < h, < M^, and Xu > Xh can be applied. 

Proof of i ^lBj ) 

The proof that 7t!/i,„(0) = 7io,o(0) + 0/^(1) proceeds as in the portion of the proof of Lemma [5l4 
showing that Vh(0) — Vo(0) = 0^(1), apart from the fact that now we have two magnetic fields h and 
u. We again write the difference as a telescopic sum of differences at each level, and each difference 
implies a connection to G. We further decompose this sum of nested expectations as plus or minus 
sums of positive expectations. The difference can then be bounded above by setting u = h, since 
increasing the magnetic field increases the difference. Then our previous discussion applies. 

To prove 7io,o(0) = A, we use the dominated convergence theorem as in the proof that Vo(0) = 
1 + 0(A). However, each term in 7io,o(0) contains at least one loop with a pivotal bond, and the 
0(1) contribution does not occur. □ 

A Power counting for Feynman diagrams 



In Section [A.l| , we summarize results of [^, ^ concerning the estimation of Feynman diagrams 



using the quantum field theoretic technique of power counting. Then in Section |A.2| , we provide a 
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lemma which allows for an efficient application of these results for the Feynman diagrams arising in 
this paper. 



A.l Power counting 

Consider a Feynman diagram G consisting of internal lines, no external lines, and V vertices. Each 
(internal) line carries a d-dimensional momentum pi (i = 1, 2, . . . , N), and represents a propagator 

where the mass /ij of the i^^ line can be either or /i > 0, with ji not depending on i. The massless 
(/Xj = 0) and massive (/Xj = /i) lines are fixed in G. 



The Feynman diagrams encountered in this paper have propagator ffi,p^{k). By Proposition |3.1| , 
this propagator is bounded above by a constant multiple of ([1 — D{k)] + /i^/^)"^, with the constant 
independent of Q. For both the nearest-neighbour and spread-out models, 1 — D{k) is bounded 
below by a universal constant multiple of k'^/d (see Appendix A]). Therefore fh^p^{k) is bounded 
above by a propagator of the form ( [A.l|) times a factor d which should be taken into account in 



bounding diagrams for the nearest-neighbour model, but which is unimportant for the spread-out 
model. Diagram lines with h > have mass /i = h^^'^. 

Each of the V vertices of G imposes a momentum conservation condition, according to Kirchoff 's 
law. Of these, V — 1 are independent, with the momentum conservation at the other vertex then 
guaranteed by overall momentum conservation. As a result, we have V — 1 independent momentum 
constraints. This leaves L = N — V + 1 independent momenta kj {j = 1,2, ... ,L), called loop 
momenta, which can be chosen from {pi}^^. The choice of loop momenta is not uniquely determined 
by G. Given a choice of loop momenta {kj}^^^, each pi can be written as a linear combination of 
the kj. The Feynman integral Iq giving the value of the Feynman diagram G is then 

The value of Iq is independent of the choice of loop momenta. 

Our goals are (i) to provide a sufficient condition for convergence of Iq when /i > 0, and (ii) to 
determine the rate of divergence of 1^, as /x — > 0, in the case where Iq is convergent for /x > but 
not for /i = 0. For this, we will use the infrared degree of divergence deg (G), which is defined as 
follows. First, given a set ^ of L loop momenta, and a subset 7i C ^ of cardinality i, we define the 
infrared degree of divergence of Ti. by 

deg (H) = di — 27^{massless line momenta determined by H}. (A. 3) 



Note that (|A.3|) makes sense for (i G M. For deg^^, all lines are regarded as massless, whereas for deg^. 



only the lines for which /ij = are massless. In (|A.3| ), a line momentum pi is said to be determined 



by Ti. if Pi is in the linear span of Ti. Then we define the infrared degree of divergence of the full 
graph G by 

deg (G) = min min deg (TC), (A. 4) 
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where the minimum is taken over all choices Q of loop momenta for G and over all nonempty subsets 
Ti G Q. The following theorem, which is Theorem 1], asserts that a Feynman integral is finite 
if its infrared degree of divergence is positive. 

Theorem A.l. The Feynman integral Iq converges if deg (G) > 0. 

M 

Theorem |A.1| implies that a diagram is more likely to be convergent in high dimensions. We 
define dc{G), the critical dimension of a diagram G, by 

d,{G) = mf{d e M : deg^{G) > 0}. (A.5) 

By definition, Iq converges if d > dc{G). 

We now consider the situation where Ig is convergent for /i > but not for fi = 0. In this case, 
the following theorem, which we will show to be a consequence of [^, Theorem 2], indicates that 
the infrared degree of divergence deg^{G) bounds the rate of divergence of Iq in the limit /x — 0. 

Theorem A. 2. Suppose deg (G) > but deg^(G) < 0. Then the Feynman integral Iq is finite for 
fi > 0, and, as fi ^ 0, obeys the bound 

Ig < const.fi^^^^\logfi\^. (A. 6) 

Proof. Making the change of variables fcj = fi~^ki, pj = fi~^Pj gives 



Z^"''" f - [ ^ T7 = /''''^^G, (A.7) 



where /ij is zero or one, depending on whether Hi is zero or /i. The rate of divergence of Jq is given 
27| in terms of the ultraviolet degree of divergence. This is defined as follows. Given a set of loop 



m 



momenta Q for G, and a subset 7i C ^ of cardinality i, we define 



deg(G) = max max deg(7i), where deg{H) = di — 2#{line momenta depending on H}. 

(A8) 

Here, a line momentum pi is said to be depending on Ti if it is not determined by Q\H. Also, since 
there is no mention of massless lines in the definition of the ultraviolet degree of divergence, there 
is no need to distinguish deg^ and degg. It then follows from Corollary to Theorem 2] that 



J ^ I const. _ (deg(G) < 0) 

^ ~ \const./i-^^g(^)|log/i|^ (deg(G)>0). ^ 

Therefore 

Ig < const. | log/i|^. (A.IO) 

It remains to relate the exponent of /x on the right side to degJJJ). First, we claim that for any 
subset H C Q, 



deg^in)=dL-2N -deg{g\n). (A.ll) 
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Here, we employ the convention deg^{^) = deg(0) = 0. The claim follows from the fact that the set 
Q of all line momenta is the disjoint union of the set of line momenta determined by Ti and the set 
of line momenta depending on Q\H. Now, we take the minimum of ( |A.11| ) over all Q and nonempty 
TC C Q. This leads to 

degJG) = dL — 2N — max max deg(G\Ti-) = dL — 2N — max max degiH) 

= c?L - 2A^ - maxi 0,max max deg(?i) L (A. 12) 



We first consider the case where the maximum in the definition ( |A.8D of deg(G) is attained at 



some Ti ^ Q. Then ( |A.12|) implies that dL — 2N — max{0, deg(G')} = deg|^(G'), and the bound of 



the theorem follows from ( |A.1(J| ). 

This leaves the case where the maximum is attained atTi = Q, which implies deg(G) = dL — 2N. 
Suppose first that dL — 2N < 0. Then we may include the case Ti. = Q in the right side of 
( [A. 121 ) without changing its value, so again we have dL — 2N — max{0, deg(G)} = deg^{G) and 



the desired result follows from (|A.10|) . Finally, suppose that deg{G) = dL — 2N > 0. Relaxing 
the condition H ^ G on the right side of ( |A.12|) gives deg^(G) > dL — 2N — max{0, deg(G')} = 
dL — 2N — {dL — 2N) = 0. Since deg (G) < by hypothesis, we may assume that deg (G) = 0. 



The desired result then follows from ( |A.10|) , because the exponent of in ([A.10|) is zero (as we have 



just shown), and thus Iq < const. yU°| logfi\^ = const.yU— o'-*^-*! log/i|^. □ 



Theorems |A.l and A. 2 reduce the analysis of Feynman integrals to the evaluation of the infrared 
degree of divergence. In the next section, we give a practical method for calculating the infrared 
degree of divergence of some of the Feynman diagrams arising in this paper. 

A. 2 Inductive power counting 

Our goal in this section is to provide a lemma which allows the infrared degree of divergence of some 
of the Feynman diagrams appearing in this paper to be accurately estimated in terms of the infrared 
degree of divergence of related but simpler Feynman diagrams. This involves constructions in which 
a new Feynman diagram {j = 1,2,3) is obtained from G by the addition of new lines and/or 
vertices. These constructions are illustrated in Figure 0. The following lemma gives bounds on 
deg{G^) in terms of deg{G). In the lemma, either deg^(G) or deg^(G) can be used. 

Lemma A. 3. The infrared degree of divergence of G^ is bounded in terms of that of G as follows: 

d,,(G,,)>/^(«)-2 = 1) (A.13) 

— ^ ~ 1 deg(G') + min{0, d - 6} (j = 2). 

Note that construction 3 results from two applications of construction 2, and hence 

deg(G'^) > deg(G') + 2 min{0, d - 6}. (A.14) 

Proof of Lemma [A.ci| . We begin with the observation that, by definition, deg(7i) depends only on 
the subspace spanned by H. Therefore, given p'^TC with p' determined by H, we can replace some 
vector p (zTihy p' without changing deg(7i). This fact was called naturalness in . 
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(a) 



(b) 






Figure 11: (a) A portion of G is shown together with the corresponding portion of resulting 
from construction j. Sohd dots denote vertices already present in G, while open dots denote new 
vertices, present in G^ but not in G. Only those parts of G which are changed are shown, (b) An 
example of construction 2 is depicted. 



Now we turn to the proof of ([A.13| ) for Construction 1. In Construction 1, we add a new vertex 



to an existing line with momentum (say) pi, thereby introducing a new line momentum gi, as in 



Figure 12. Let V be the number of vertices of G. The momentum conservation equations for G, 



which take the form Xlj^i ^ijPj = {i = 1, . . . ,V — 1) for some integers Ajj, are then supplemented 
with an additional equation qi = pi for G^. Choose Ti' such that the minimum in the definition of 
deg(G'^) is attained at Ti.'. Either qi is determined by Ti' or it is not. If it is not, then Ti' is a linearly 

independent subset of the pj obeying J2f=i ^ijPj = 0^ hence serves also as a subset H = H' of 
possible loop momenta for G. Therefore 

deg(G'') = degin') = deg(n) > deg(G). (A.15) 

If, on the other hand, qi is determined by Ti.', then by naturalness, we may assume pi G Ti' and 
qi0-i' . Let Ti = Ti' . Then Ti again serves as a subset of possible loop momenta for G. Since Ti 
determines one fewer line than Ti' (due to the absence of gi), we have 

deg(G^) = deg(7^;) = degjU) - 2 > deg(G) - 2. (A.16) 

This completes the proof of ( |A.13| ) for Construction 1. 

Next, we turn to the proof of ( |A.13| ) for Construction 2. Momenta before and after Construction 2 
are labelled as in Figure |1^. Suppose G has V vertices. The momentum conservation equations for 
G can again be written as 

N 

J]A,,p, =0 (z = l,... ,\/-l). (A.17) 
For G^, the corresponding equations can be written, for some integers Cj, in the form 

N 

^AijPj = Giqi {i = l,...,V-l), qi = q2, Qs = P2 + Ps- (A. 18) 

i=i 

The fact that the same coefficients A^- arise for G and G^ can easily be checked by comparing 
momentum conservation at vertices a, b for G with that at a, b, c, d for G^. Suppose the minimum in 
the definition of deg(G^) is attained by Ti.'. We again consider two cases, depending on whether qi 
is determined by Ti' or not. 
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Figure 12: Constructions 1, 2 and labels of relevant momenta. 



Suppose first that qi is determined by Ti' . By naturalness, we can assume qi G Ti' . Also, we 
can assume q-i0i! , because if gs G IH! then pi is also determined (and would not be in H! since 
Pi = 9i + ^3)5 and thus by naturalness, we can take pi rather than ^3 as a member of H! . We 
therefore assume that q\ G H! and q^0-L' . Define Ti = 'H'\{qi}. Since H' is a set of loop momenta 
corresponding to the momentum constraints J2j'=i-^ijPj = Ciqi, it follows that is a set of loop 
momenta corresponding to Ylf=i ^ijPj ~ 0' ^^"^ hence is a subset of loop momenta for G. Comparing 
( [A.17| ) and ( [A.18| ) shows that the number of G's line momenta pj determined by Ti is the same as 



for Ti.'. Since Ti. has one fewer momentum than 7i', and since there are at most three more lines 
determined by H' than by H (namely qi, q2, qs), we have 

deg(G2) = deg{n') > degjH) + d - 6 > deg(G) + d-6. (A.19) 

It remains to consider the case where qi is not determined by Ti.'. In this case, at most one of 
the line momenta pi and ^3 is determined. However, the choice of labels pi and q^ for these two 
lines was arbitrary, and we can and do choose the labelling that guarantees that the line momentum 
corresponding to ^3 is not determined. Since none of qi,q2,q3 is determined, we have qi,q2,q3^'H' . 
We now define Ti. = Ti' . It is conceivable that Ti may not be a subset of a set of line momenta for G, 
since independence of line momenta for (with its additional line momenta qi) does not necessarily 
imply independence for G. To deal with this, we note that we can extend the definition ( [A.3| ) of 
deg(?-^) also to dependent Ti, and still maintain ( |A.4| ), because a dependent Ti will span a smaller 
space than an independent Ti consisting of the same number of vectors and hence cannot give the 
minimum in ( |A.4|) . Thus we have 

deg(G') = deg(7^') > deg(7^) > deg(G) (A.20) 

where the first inequality follows from the fact that Ti may determine more momenta in G than in 
G^ (since qi provides an additional degree of freedom in ( |A.18| ) compared to ( |A.17| )), and the second 
inequality makes use of the extended definition of deg(7i) described above. 



Combining ( [A.19| ) and ( [A.20| ) completes the proof of ( [A.13| ) for Construction 2, and the lemma 



is proved. □ 
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